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Abstract 



This paper concerns integral varifolds of arbitrary dimension in an 
open subset of Euclidean space with its first variation given by either a 
Radon measure or a function in some Lebesgue space. Pointwise decay 
results for the quadratic tilt-excess are established for those varifolds. 
The results are optimal in terms of the dimension of the varifold and the 
exponent of the Lebesgue space in most cases, for example if the varifold 
is not two-dimensional. 
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Introduction 



Overview This paper investigates pointwise regularity properties of integral 
varifolds satisfying integrability conditions on its generalised mean curvature 
where pointwise regularity is measured by the decay of the quadratic tilt- excess . 
As classical regulari ty may 



8.1 (2)] and Brakke [Bra7; 



A1172. 



fail on a set of positive measure, see Allard 
6.1], the notion of tilt-excess decay serves as a weak 
measure of regularity suitable for studying regularity near almost every point 
of a varifold. In fact, aside from being used as an intermediate step to classical 
regularity, see Allard A1172l | , decay estimates have been e mployed as a tool for 
both perpendicularity of mean curvature in Brakke Bra78l | and locality of mean 
curvature in Schatzle [SchOOl . ISchoi . ISchOlj . 

In the present paper it is established that there is a qualitative change in the 
nature of the results obtainable when the Sobolev exponent corresponding to 
the integrability exponent of the mean curvature drops below 2. The core of the 
proof of the pointwise resul ts relie s on the harmonic approximation procedure 
int roduced by de Giorgi in DG6II ] (see also DG06I . p. 2 31-263 1) and Almgren 



-- ,Alin68l | and used in the present setting by Allard in A1172| and Brakke in 
Bra78| . Additionally to obtain the present pointwise re sults, a new coercive 



estimate is proven, the Sobolev Poincare type estimates of MenOQbj are adapted 
and a new iteration procedure is introduced. 



*The research was carried out while the author was at the ETH Ziirich and put in its final 
form while the author was at the AEI Golm. AEI publication number: AEI-2009-093. 



Known res ults T he notation follows Federer Fed69l | and, concerning vari- 
folds, AUard [Anzi, see Section [H 

Hypotheses. Suppose m and n are positive integers, m < n, 1 < p < oo, U is an 
open subset of R", V £ IV,„(C/), \\SV\\ is a Radon measure and, if p > 1, 

{6V){g) = -Jg{z)»h(V;z)d\\V\\{z) whenever g £ ^([/,R"), 
h(y; •) G LpdjV^II \_K, R") whenever if is a compact subset of U. 

Consider the question for which < a < 1 the given hypotheses imply 
hm sup xG(„,™) ~m'dV{z, S)) ^'^ < oo 

for V almost all (a, T) £ U x G{n, m). Brakke has shown that one can take any 
< Q < 1 in casep = 2 and a = 1/ 2 with "< oo" replaced by "= 0" in casep = 1 
BraZi, 5,5^1. Schatzle [SchOJ used results on viscosity solutions from 



Caffarelli ICaf89l l and Trudinger |Tru89j to establish several regularity results, 
in particular t hat if jp > m, p > 2 and n — m — 1 then one can take a = 1, see 
also Schatzle |Sch01 | for a special case. Moreover, Schatzle showed in (School . 



Theorem 3.1] that Hp = 2 then the key to the general case is to prove existence 
of an approximate second order structure of the varifold. Namely, if p = 2 and 
there exists a countable collection C of m dimensional submanifolds of R" of 
class 2 with ||y||(/7 ~1JC) =0 then one can take a = 1. 

Whereas consideration of varifolds associated to submanifolds of class 2 
clearly shows that a = 1 is the largest a possibly having this pro perty, in 



case sup{2,p} < m and < 2 it can be seen from the examples in |Men09al . 
1.2] that one cannot take a > 2(m-p) ■ Comparing this to Brakke's results, little 
is known for the case 1 < p < 2 and also in case p — 1 and m > 2 there is a 
gap between known positive results for a < 1/2 and known counterexamples for 



Results of the present paper In case 2 < m < p and < 2 these gaps 



mp 

are closed by the following corollary. 

18.61 Corollary. Suppose m, n, p, U , and V are as in the preceding hypotheses, 
and either m ~ 2 and < t < 1 or sup{2,p} < m and r = 2{m-p) ^ ^' 
Then there holds for V almost all {a,T) £U x G(n, m) that 

l™«upr--™/2(/„(_^^^(„,„^|5^ -T^pdn^ < oo. 

From the afore-mentioned examples it follows that r cannot be replace d by 
any larger number if m > 2, see 18.71 However, it will be shown in MenOQcf that 



"< oo" can be replaced by "= 0" . The corollary is a direct consequence of the 
following pointwise result. 

18.31 Theorem. Suppose m, n, and p are as in the preceding hypotheses, Q is 
a positive integer, either p — m ~ 1 or 1 < p < m, < S < 1, < a < 1, 
0<T<1, andT^ltfm = l,p/2<T< tf m ^ 2 and r = if 

m>2. 

Then there exist positive, finite numbers e and T with the following property. 
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If a £ R", < r < oo, V € IVm(U(a, r)), V is related to p as in the 
preceding hypotheses, ijj is the measure defined by tp — \\5V\\ if p — 1 and 
ip = |h(y;-)|P||V'|| ifp>l,Te G{n,m), w:Rn{i:0<<<l}^R with 
uj[t) = if ar <\ and uj{t) = t{l + log(l/t)) if ar = 1 whenever <t <l, 
and < 7 < e, 

0""(||V^||,a) >Q-l + 5, ||l^||U(a,r) < {Q + 1 ~ S)a{m)r"' , 

\\V\\{B{a, Q)n{z: ©"(11^11, z) < Q ^ I}) < £a(m)f?™ forO<Q<r, 
pi-™/p^(B(a, g)y/P < -i^l^^QlrY forO<Q<r, 

then 0'"(||T/||,a) ^Q, Tan™(||y||, a) G G{n,m) and 

(^^""/u(a,,)xG(n.™)l^^ " ^^PdF(z, S))'" < Tj^{g/r) whenever 0<g<r. 
In order to explain this theorem, assume m > 2. 

In case = 2, the theorem states that if the mean curvature expressed in 
terms of ip decays with power a < 1 so does the tilt-excess of the varifold pro- 
vided essentially that the tilt-excess is initially small and the density, restricted 
to the complement of a set with small density at a, is lower semicontinuous at 
a. If a = 1, the modulus of continuity uj obtained is optimal as demonstrated 
by an example in 18.51 in particular one cannot take w(t) = t. Moreover, this 
sharp result seems not to be obtainable using classical excess decay methods as 
will be explained below. 

In the case < 2, the situation is different. Comparing it to the case of a 
weakly differentiable function u : R™ R"^™ whose distributional Laplacian 
is given by a function locally in Lp(^™, R"^™), the analogous quantity to prove 
decay for would be 

for c G R™, < g < oo. However, this quantity not even needs to be finite. 
Still, in the varifold case, decay of the mean curvature with power a implies, 
under the same assumptions as before, decay of the tilt-excess with some smaller 
power ar with r = 2(m-p) • This number r cannot be replaced by any larger 
number, see 18.41 



Overview of proof As indicated above the main tool in the pointwise regu- 
larity proof is the harmonic approximat ion procedure introduced by de Giorgi 
and Almgren, see [DCtBII . iDGOft lAlmGSl ] . It requires the varifold to be weakly 
close to a plane with density Q and strongly close to a varifold with density at 
least Q. Initially, the latter con dition was phrased as 0'"(||y||,z) > Q for 



almost all z G U(a, r) in AUard A1172I . §8], however the set of points a not satis- 
fying this condition for suitable Q and r may have p ositive \\V\\ measure even if 



the hyp otheses are satisfied with p — oo, see Allard jA1172l . 8.1 (2)] and Brakke 



Bra7 



6.1]. Replacing the condition by the requirement on 0™(||y||, •) to be 
approximately (lower semi) continuous, Brakke was able to treat almost 
all points with p = 2 using an approximation by Almgren's "Q-valued" func- 
tions, i.e. functions with values in Qq(R"~'"), see below. Additionally, Brakke 
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established a coercive estimate which allowed him to obtain partial results also 
for the case p — I. 

Taking this as a starting point, it will be described, firstly, the new ingredient 
needed to obtain the optimal modulus of continuity for the casep — 2, secondly, 
the new ingredient needed to obtain optimal results in case p < 2 and, thirdly, 
how these new ingredients can be implemented within the known framework of 
a (partial or pointwise) regularity proof. 

Obtaining the optimal modulus of continuity for p = 2 For this pur- 
pose a new iteration procedure is introduced which is now presented in the sim- 
ple case of the Laplace operator. Suppose c e R™, u e W^'^(U(c, 1),R"~™), 
T G ^'(U(c,l),R"-™), 

T{e) = - J^^^^^De^Bud^"' for 9 e ^(U(c, 1), R"""), 

i.e. T is the distributional Laplace of u, and assume for some < 7 < oo and 
< a < 1 that 



g-"'/^\T{9)\ < -/g"\D0\ 



2;c,e 



whenever 9 G ^(U(c, 1), R""") with spt6' C U(c, p) and < gi < 1, where 
l/lp-cg denotes the seminorm of |/| G Lp(^'" l U(c, £>)). Define J = Rn 
{r:0 < e < 1}, for each g £ J choose Ug : \J{c,g) — > R"-™ harmonic with 
boundary values given by u, i.e. 



Ug G f?'(U(c, g), R"-") with Lap Up = 0, 
u-UgeWl-\lJ{c, e),R"-'"), 

define : J R and 02 : J x Hom(R", R"-™) R by 

for {g,(j) G J X Hom(R",R"-™) and choose G Hom(R™,R"-™) such that 
4>2iQ, cTg) ^ '^2(£', cr) whenever a G Hom(R'", R""™), g e J. 



Using a priori estimates, see |GTOlL Theorems 7.26 (ii), 8.10, 9.11], one estimates 

01(^^/4) - Mq) < \D\ug - U,/4)L;c,,/8 < Ag-'-"'-^^\DiUg - ^/,/4) l2,,,,/4 

for some positive, finite number A depending only on n and 

Mq, ^e) < ^?"''"^'(|D(^ - w,)l2;,,, + \D{ug - Dug{c))\,.^^ J 
<jg" + a{mY/^gMQ), 
hence obtains the two iteration inequalities 

for G J where F = sup{2A, 1, Q:(m)^/^}. 
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Now, if < 7i < oo, (j)i{g) < jig" ^ and a < 1 then 

Mq/'^) < (£'/4)"-'(4"-i7i+r7) < 71(^/4)"-' 

provided 71 > (1 - 4""^)^^r7, noting 4"^^ < 1. Similarly, if < 71 < 00, 
01 (f?) < 71(1 + log(l/e)) and a = 1 then 

</'l(^?/4) < 71(1 + log(4/g)) - (log 4)71 + r7 < 71(1 + log(4/e)) 

provided 71 > r7(log4)^^. In both cases it has been used crucially that the 
factor in front of in the first iteration inequality is 1. This is the reason for 
choosing 0i rather than (f)2 as leading iteration quantity. The decay of 02 (p, fg) 
in terms of g then follows. 

Classically, an excess decay inequality of type 

M^Q,<^Xe) < riA02(e, CTg) + r27e" for < A < 1/2, 0<g<l 



where 1 < F,; < for i G {1,2} is used, see e.g. Fed69l . 5.3.13] or Duzaar 



and Steffen |DS02| . (5.14)]. Sometimes, r2 additionally depends on A. However, 
concerning the case a = 1, the optimal modulus of continuity cannot be deduced 
from such an inequality since if 1 < Fi < 00 and 1/e < F2 < 00 then it does 
not exclude that 4>2{g,o'g) may equal 7gi(l + log(l/£i))* for some s > 1 with 
2^-^ < Fi and (2s/e)" < 2F2. 

Treating the case p < 2 The second new ingredient in the regularity 
proof will be described focusing on the case m > 2. In doing so, a quantity of 
type 

e-'-"'/%I^^,,,)dist{z-a,Tyd\\V\\zf' 

for U and V as in the hypotheses with a G R", Q < g < 00, B(a, p) C U, 
T G G(n, to) and \ < q < 00 will be referred to as q-height. To derive sharp re- 
sults with respect to the integrability of the mean curvature two observations will 
be essential. Firstly, the dependence on the mean curvature in Brakke's coercive 
estimate, see [BraTSl 5.5] , can be improved at the price of using the g-height with 
q = instead of the 2-height, see 13.131 Sec ondly, in order to control the q- 
height, the Sobolev Poincare type estimates of Men09l| are adapted. However, 



a subtlety arises. The mentioned estimates are in full strength only available 
for the g-height on the set H of points satisfying a smallness condition on the 
mean curvature, see also the discussion in MenOQb . 3.6]. As estimating the q- 
height on the complement of H by mean curvature would be insufficient for the 
present purpose, the coercive estimate of Brakke has to be improved a second 
time by showing the g-height on 7J, mean curvature and 2-height are actually 
sufficient to control the tilt-excess, see 13.91 This is accomplished by construct- 
ing a possibly noncontinuous cut-off function with properties reminiscent of a 
weakly differentiable function, including a partial integration formula, Sobolev 
embedding and approximate differentiability, see 13.61 and 13.71 These properties 
are deduced directly from the construction rather than from a general theory. 

Implementation of proof Finally, it will be indicated briefly how the 
previously described pieces fit into the well known pattern of a partial reg- 
ularity proof. As usual, one assumes the varifold to be close to Q parallel 
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planes with respect to mass, tilt-excess and first variation. Fixing a suitable 
orthogonal coordinate system, one approximates the varifold by a Lipschitzian 
Qq(R"^™) valued function /. Recall that Qq(R"^™) may be described as the 
Q fold product of R""™ divided by the action of the group of permutations 
of {1, . . . , Q}. The accuracy of this approximation is controlled by tilt-excess 
and mean curvature. To obtain the comparison functions Ug, one considers the 
Dirichlet problem with the linear elliptic system with constant coefficients given 
by a suitable linearisation of the nonparametric area integrand and boundary 
values given by the "average" g oi f. This is somewhat different from the 
usual procedure where the comparison function s are often constructe d either 
within contradiction arguments (see e.g. AUard jA1172|, 8.16] or Brakke BraTSl 



5.6]) or by an "A-harmonic approximation lemma" which confines the contra- 
diction argumen t to th e situation of linear systems with c onstant coefficients 



(see e.g. Simon fSimSj, 21.1] or Duzaar and Steffen [DS02I . 3.3]); however see 



also Schoen and Simon [SS82I ] for a different approach. The distributional right 
hand side for g ^ Ug can be estimated by mean curvature and a small mul- 
tiple of the tilt-excess provided a suitable weak norm is employed, namely a 
norm dual to the norm mapping a smooth function with compact support to 
the L(x)(-2"", Hom(R™, R"~™)) norm of its derivatives. This only yields small- 
ness oi g — Ug in Lebesgue spaces with exponent below J^-^ if m > 1, e.g. 
in Li(if™LU(c,e),R"-"'), here c G R™ corresponds to a £ R", see O© ■ 
However, assuming that the set of points with density strictly below Q is small 
with respect to ||T^||, the graph of g coincides with the varifold on a large set, 
hence using interpolation (Section [5]) and estimates for the approximation by / 
(see Section 13]), one can ultimately convert Li(^™ l U(c, g), R"~™) closeness 
of g to an afhne function via the coercive estimate to control of the tilt-excess 
of the varifold with respect to the corresponding plane. 

From these estimates one readily obtains modified versions of the iteration 
inequalities which - upon simultaneous iteration - yield the result. 

Organisation of the paper Section[T]introduces the notation and is followed 
by Section [5] where definitions and basic properties of Qq(V^) valued functions 
are given. In Section [3] the coercive estimate is established. In Section |4] an 
approximation of an integral varifold by Qq(R"^™) va lued func tions is carried 
out, in particular providing the required adaptions of Men09b| . In Section [5] 



an interpolation inequality allowing to neglect certain small exceptional sets is 
proven. In Section [5] some standard estimates for linear elliptic equations are 
gathered. In Section[7]the core estimates and the iteration procedure are carried 
out. Section [5] provides the pointwise regularity theorem and its corollary. 
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1 Notation 

The notation follows [Fed69'] , see the list of symbols on pp. 669-671 therein. In 
particular, recall the following maybe less common symbols: ,f3^ denoting the 
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positive integers, U(a,r) and B(a,r) denoting respectively the open and closed 
ball with centre a and radius r, 0* (V, W) and 0* V denoting the vector space of 
all i linear symmetric functions (forms) mapping into W and R respectively, 
and the seminorms for 1 < p < oo corresponding to the Lebesgue spaces 

K)if) = (/l/rd^)'/" in case 1 < p < oo, 
^(oo) if) = inf (R n {t : ^{X n {x : \f{x)\ > t}) - 0}) 

wh enever cj) measures X, Y is a. Banach space, and f : X ^ Y is (p measurable, 
Fedel 2.2.6, 2.8.1, 1.10.1, 2.4.12]. The notation for the Lebesgue seminorms 



see 



is particularly convenient when longer expressions replace the measure as will 
repeatedly be the case in I4.8I (|5|). 

Additionally, the following symbols are taken from Allard |A117l 2.3, 2.5, 
3.1, 3.5, 4.2]: T^, G„, V™, RV™, IV™, \\V\\, 6V, and \\SV\\. Moreover, the 
following slight modifications and additions apply. (For the convenience of the 
reader in thi s sectio n for nearly every symbol the appropriate reference to its 
definition in is given at its first occurrence.) 

Following [Kel55i . p. 8], one defines f[A] — {y: [x,y) G / for some y ^ A} 
whenever / is a relatio n and A is a set. 

Following Almgren (AlmOd, T.l (9)], for m, n e ^, m < n, T G G(n, m), 
is characterised by, see |Fed69l . 2.2.6, 1.6.2], 

e Hom(R", R"), = Tu*, o = T^, imT^ = T. 



Similar to AUard's definition in |A1172l . 8.10], the closed cuboid C(T,a,r,h) 
is defined by 

C{T,a,r,h) = R" n {z:\mz ~ a)\ < r and \T^^{z - a)\ < h} 

whenever m,n G m < n, T d G(n, m), a 6 R", < r < oo, and < h < oo. 
One abbreviates C(T, a, r, o o) = C( T, a, r)0 

Also, following Almgren Alm86l . p. 464], whenever n d ^ th e numb er /3(ri) 
denotes the least positive integer with the following property, see |Fed69l . 2.8.14]: 
If is a family of closed balls in R" with sup{diam5' : S G F} < o o then there 
exist disjointed subfamilies Fi, . . . , -F)3(„) of F such that, see |Fed69l . 2.8.8, 2.8.1], 

{z : B(z, r) e F for some < r < oo} C U \J{Pi : « = 1, • ■ • , f^in)}. 

As in |Men09al . 2.3] whenever m £ ^ the smallest number with the fol- 
lowing property will be denoted by 7(m): lfn£^,m<n, V& RVm(R"), 
||F||(R") < oo, and ||5V"||(R") < oo, then 

||l/||(R"n{z:0™(||F||,z) > 1)}) <7(TO)||F||(R")i/'"||^y||(R"). 

Whenever m,n £ m < n, J7 is an open subset of R", V £ Vm{U), and 
\\SV\\ is a Radon measure, the generalised mean curvature vector of V at z is 
defined to be the unique h.{V; z) £ R" such that 

h{V;z).v = - \im ^^^^)l^^f^ for^GR" 
r^o+ \\SV\\ B(z, r) 



iThe symbol C(T, a, r) is used by Allard in IAI1721 8.10] to denote R"n{z : m(z - a)\ < r}. 
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where bz,r is the characteristic function of B(z,r), see Fed69l . 1.7.1]; hence 



z G dninh(y; •) if and only if th e abov e Hmit exists for ev ery v g R". This 
definition is adapted from AUard jA1172l . 4.3] in the spirit of |Fed69l . 4.1.7]. 



Whenever (j) measures X, < (l){A) < oo, F is a Banac h space , and / £ 
Li(0LA,y) the symbol f^/d^ denotes f d(j), see |Fed69l . 2.4.12]. 



Suppose m G is an open subset of R'", ei, . . . , denote the standard 

base of R™, y is a finite dimensional Hilbert space, A: is a nonnegative integer, 
and u is an ^™ l U measurable function with values in Y. Then u is called k 
times weakly dijferentiable in U if and only if 

(1) u e Li L K, Y) for every compact subset K of U, 

(2) defining T G ^'(C/,r) by T(6l) = Jj^emud^"' for 9 e ^{U,Y), the 
distributions D^T corresponding to all a G S(m, i) and i = 0, . . . ,k are 
representable by integration and the measures ||I?"T|| are absolutely con- 
tinuous with respect to ^™ l J7, see iFed69l 1.9.2, 1.10.1, 2.9.2, 4.1.1, 
4.1.5], (a is sometimes called "multi-index of length i"). 

In this case ioi i — 0, . . . , k the ^™ l U measurable functions D'u with values 
in 0*(R™, Y) are characterised by the following two conditions (here and in the 
following 0*(R™, Y) is equipped with an inner product as in jFed69l . 1.10.6]): 

(3) D°'T{e) = J^9{x) • (e",D*u(a:)) d^™a; whenever 9 G ^{U,Y) and a G 
!B(m, i) where e" — (ei)"^ • • - ©(e m)""' is constructed from the standard 
base ei, . . . , e,„ of R™, see |Fed69l . 1.9.2, 1.10.1]; in particular D*m is 



times weakly differentiable in U. 

(4) D*u(a) = limr^o+ /b((i D'ud^™ whenever a G U; hence a G dmnD'u 
if and only if the preceding limit exists. 

Also, 1 times weakly differentiable in U is abbreviated to weakly dijferentiable 
in U an d D^it t o Dm. In particular, the symbols D*, D will not be used in the 
sense of |Fed69l . 1.5.2, 2.9.1, 4.1.6]. W'''P{U,Y) denotes the Sobolev space of all 
k times weakly differentiable functions in U with values in Y such that D*u G 
Lp(^™ L U, ©'(R™, Y)) whenever i — 0, . . . ,k; the corresponding seminorm of 

is given by E»=o(-^" ^ ;7)(p) (D^w), see |Fed69l . 2.4.12]. WoP{U,Y) denotes 



u 

the closure of !^{U, Y) in W*^'^'([/, Y). Note that in these definitions neither in 
the Sobolev spaces nor in the Lebesgue spaces functions agreeing ^™ l U almost 
everywhere are treated as single elements; instead condition ^ is employed. 

If m G is an open subset R™, y is a separable Hilbert space, 

1 < p < oo, A is an ^™ l U measurable set, and u and v are l U mea- 
surable functions with values in Y then |u]p.^ — (^"' l (u) and, pro- 
vided Jj^\u{x) • v{x)\dJ2f"^x < oo, {u,v)j^ = J^u{x) • v{x) d^"^x. Moreover, 
\'^\p;a,r = l"Uu(a,r) an d ju^v) ^^ = «)u(a.r) whenever a e R", < r < oo 
with U(a,r) C U, see [Fed69l 2.8.1]. These notions extend [Fed69l . 5.2.1]. If 
additionally, i is a nonpositive integer, 1 < p < oo, 1 < g < oo, 1/p + 1/q = 1, 
T is a real valued linear functional on !^{U, Y), and V is an open subset of U, 
then 

\TU,p..v = sup r[f^(;7, Y)n{9: \D-'9\^.^ < 1 and spt 9 C V}] 
and \T\^ p.^^^ = 1^],- p.u(a,r) whenever a G R", < r < oo with U(a,r) C U. 
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The notation for functions with values in Qp fR""™) for m, n, Q G with 
m < n which originate from Almgren's work in [AlmOCll | will be introduced in 
Section [3 together with basic properties. 

Finally, each statement asserting the existence of a positive, finite number, 
small (e) or large (F), will give rise to a function depending on the listed pa- 
rameters whose "name" is £x.y or Fx.y where x.y denotes the number of the 
statement. 



2 Basic facts for Qq{V) valued functions 

This section provide s some b asic definitions for Qq{V) valued functio ns mainly 
taken from Almgren jAlmOnl l in l2. 11 r2.2l and 12.41 and a proposition from [Men09bl | 
in l2.3l Finally, the first variation for the varifold associated to the "graph" of a 
Qq(R"~'") valued functions is given in l2.5l and l2.6l 

2.1 (cf. |AlmOd . 1.1 (1) (3), 2.3 (2)]). Suppose g G ^ and F is a finite dimen- 
sional Euclidean vector space. 

Qq{V) is defined to be the set of all dimensional integral currents R such 
that R = J2f^ilxi] for some xi, . . . ,xq £ V. A metric ^ on Qq{V) is defined 
such that 

whenever zi, . . . , xq, j/i, . . . , £ V where P{Q) denotes the set of permuta- 
tions of {1, . . . , Q}. The function tiq : Qq{V) — > is defined by 

Vq{R) = Q^^Jxd\\R\\{x) whenever R £ Qq{V). 
E R = Y.?=il^ii for some xi,...,xq eV, then J7q(-R) = ^ J2?=i ^i- Lip»7Q = 

Whenever f : X ^ Qq(^) one defines 

graphg f ^{X xV)n {{x, v):ve spt f{x)} 
and with g : X ^ V also f {+) g : X Qq{V) by 

(/ (+) 9)ix) = (Tg(x))#(/(a;)) whenever x e X. 

2.2 (cf. lAlmOd 1.1 (9) (10)]). Suppose m, n, Q G ^ and m < n. 

A function / : R™ Qq(R"^™) is called afftne if and only if there exist 
affine functions fi : R™ R"^'", i = 1, . . . ,Q such that 

fix) = E?=i whenever x G R'". 
/i, . . . , /q are uniquely determined up to order. Moreover, one defines 

\f\^{Eti\DM0)\'f'- 

Let a G A C R™ and / : A — > Qq(R"~'"). / is called affinely approximable 
at a if and only if a G Int A and there exists an affine function g : R'" —^ 
Qq(R"~'") such that 

lim'^ifix),g{x))/\x^a\ = 0. 



9 



The function g is unique and denoted by Af{a). f is called strongly affinely ap- 
proximable at a if and only if Af{a) has the following property: If Af(a){x) — 
^'-'^ some afRne functions gi : R™ j^n-m g^j^j^ gi{a) = 9j{a) for 
some i and j, then Dgi{a) — Dgj{a). The concepts of approximate affine approx- 
imability and approximate strong affine approximahility are obtained through 
omission of the condition a G Int A and replacement of lim by ap lim. The 
corresponding affine function is denoted by ap A/(a). 



2.3. The following proposition, see [MenOQbl . 1.3, 6], will be used for calculations 
involving Lipschitzian Qq(R"^™) valued functions. 

If m,n,Q e m < n, A is measurable, / : ^ — > Qq(R"^™) is 
Lipschitzian, I is countable, and to each i G / there corresponds a function 
fi C graphg / with ^™ measurable domain and Lip fi < Lip / such that 

card{j:/,(a;) = y} = {\\f{x)\\,y) whenever {x,y) G A x R""", 

then f is approximately strongly affinely approximable with 

ap Af{a){v) = Eie/(a)[/i(^) + , a.p D f,{x))] whenever w G R"* 

at Jif"^ almost all a E A where I (a) ~ I C] {i:a E dmnapZ3/i}. Moreover, such 
functions fi do exist whenever m, n, Q, A, and f are as above, in particular 
graphg / is countably m rectifiable. If A is open, then ap Af may be replaced 
by Af. 

2.4 Definition. Suppose m,n,Q £ ^, m < n, A C B C R™, A is Jf" 
measurable and f : B ^ Qq(R"^™) is Lipschitzian, Ci = dmnapA/, C2 — 
dmnAf, and g : B ^ R and hi : Ci ^ R for i G {1, 2} are defined by 

g{x)^^ifix),Qm) forxeB, 
hi{x) = I apA/(x)| for x G Ci, /i2(a;) = \Af{x)\ for x G C2. 

Then one defines for 1 < p < 00, noting [^751 

\f\p-A ^ \9\p-A' I ap^/lp;A = \hl\p,A^ 
\Af\p,A \'T'2\p;A if ^ is open. 

Moreover, if U(a, r) C B for some a G R™, < r < 00, then 

l/Ua,r = l/lp;U(a,r)' I '^P^/lp;a,r = I ^/ lp;U(a,r) ' 

;U(a,r)- 

2.5. Suppose ?7 is an open subset of R™, y is a Banach space and T G S^'{U, Y). 
Then T has a unique extension to £'{11, Y) n {6* : spt n spt T is compact} 
characterised by the requirement 

S{9) = S{t]) whenever spt T C Int{a; : 0{x) = r){x)}. 

The extension will usually be denoted by the same symbol T. 
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2.6. Suppose m, n, Q G with m < n. 

Following Fed69l . 5.1.9], the projections p £ 0*(n,m), q e 0*{n,n — m) 
are defined by 

p(z) = {Zi, . . . , Zm), qiz) = {z„r+l, . . . , Zn) 

whenever z = {zi, . . . , Zn) G R". In case 

z = p*ix)+q*{y) = {xi,...,Xm,yi,...,yn-rn) for X E R", y e R""™ 

sometimes (x, y) will be written instead of z, f{x, y) instead of f{z) for functions 
/ with dmn/ C R" and G(n,TO) instead of G,„(R" x R"-"). 

If U is an open subset of R™, A is an ^™ measurable subset oi U, f : 
A — > Qq(R"^™) is Lipschitzian, and fi for i e / are as in 12.31 then defining 
V e TVm{p~^[U]) by the requirement 

ii^ii(^) = WMAi®°(ii/(pW)ii'qW)d^"^ 

for every Borel subset Z of p^^[C/], a simple calculation shows 

{dV){q* o o p) = 4^^^^. i?^'^ (ap d^™a; 

whenever 9 £ ^(J7, R''^™); here \l/g denotes the nonparametric integrand at 
associated with the area integrand 4", i.e. : Hom(R'", R"~™) ^ R with 

^li'^) - (E"o|A.'Tp)'/' for a e Hom(R'", R"-"), 
see |Fed69l . 5 .1.9], and the convention 12.51 is used. 



3 A coercive estimate 

In the present section two improved versions of Brakke's coercive estimate in 



Bra78l 5.5] are derived in 13.91 and 13.131 First, some computations for the 



catenoid are carried out in 13.21 which are used in 13.121 to rule out a certain gen- 
eralisation of the coercive estimate. Then, some basic facts about approximate 
differentiability with respect to the weight measure of a varifold are given in l3.5l 
which are needed to construct a cut-off function in l3.6l Finally, the coercive es- 
timate for rectifiable varifolds satisfying a lower bound on the density is proven 
in 13.91 and a simpler version for general varifolds is indicated in 13.131 



3.1. Frequently, the following estimates from AUard A1172I . 8.9 (5)] will be used 



Suppose m,n G m < n, T (£ G{n, m) and ?7i, ?72 G Hom(S', S'^). If 
S, = R'^ n {z : z + ri,{z) : z e S} fori = 1,2, 



ther 



(1 - - s^r)\\m - < (1 + IM'MliSih - {S2\\ 



11 



3.2 Example. Suppose m = 2, n — 3, and / : R n {t : 1 < t < oo} ^ R as well 
as N, T, and Pr are defined by 

fit) = log {t + (t^ - 1)1/2) for 1 < i < oo, 
TV = R3 n {z : |q(z)| = /(|p(z)|)}, T = imp*, 
Pfl = R3 n {z : |q(z)| = log(2i?)} for 2 < P < oo. 

Then there exists a universal, positive, finite number T with the following 
two properties: 

(1) /j^3nB(oi?,) |dist(2,P7?)|2d(^2^iV)z < TR^ for 2 < i? < oo. 

(2) /R3nB(o,fl) I Tan(7V, z\ - d{Jf^ l N)z > logi? for 2 < P < oo. 
Construction of example. First, note 



hence [Tiy^t-^ < f'{t) < Tit-^ for 2 < i < oo and some universal, positive, 
finite number Fi, in particular Lip/|R n {s : s > 2} < oo. 
To prove ((T|), one estimates 

/c(T.o,i?,) ~ c(T,o,2) dist(z,Pii)2d(^2LiV)z < F2(ai +02) 
where F2 is a universal, positive, finite number and 

«1 =/B(0,fl)~B(0,2)|log(2P)-log(2|x|)pd^2^, 
«2 = /B(0,fl)~B(0,2)|log(2NI)-/(|2^l)l'dif22;. 

Concerning ai, note 

ai = 2TTj^\log{t/R)\^td^'^t < 27rR^J^\\og{t)\^td^'^t < 00. 

To estimate 02, define h : R Ci {t : t > 0} R by h{t) — t^/"^ and note for 
2 < t < 00 

I log(2t) - log(i + - 1)1/2)1 < Lip(log |R n {s : s > t})\t - - lf'^\ 
< t-^ Lip(/i|R r\{s:s>{t^ - 1)}) < t'^2-^(f - l)~i/2 < 2-^/H~^, 

hence 02 < nJ^t^^dJif^t < ir/S. Together, the estimates for ai and 02 yield 
(P). ByO it follows 

II Tan(7V,z)^ -TJ < /'(|p(z)|) < Fi|p(z)ri 

for z e /V - C(T, 0, 2), hence byOwith S, Si, S2 replaced by T, Tan(iV, z), T, 

|Tan(7V,z)^-r^| > || Tan(7V, z)^ - TJ > /'(|p(z)|)/2 > (2Fi)-i|p(z)|-i 
for z e /V- C(r, 0, 2Fi). Noting for 2 < P < 00 

fit)<fiR)<2R ioTl<t<R, iVnC(P,0,P) cR^nB(0,3P), 
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this implies for 2sup{ri, 1} < i? < oo that 

/R3nB(o.3fl) I Tan(iV, z\ - T^p d{Ji^^ l N)z 

^ /c(T,o,fl)~c(T,o,2ri)|Tan(A^,z)^ -Tn|2d(^2^iV)z 

Since /R,3nB(o.2) |Tan(iV,z)^ - TJ^ d(^2 ^ 7V)z > 0, one infers Q. □ 

3.3. The following situation will be studied: m,n G m < n, 1 < p < oo, U 
is an open subset of R", V £ Vm(t/), \\SV\\ is a Radon measure and, if p > 1, 

{dV){g) = -Jg(z)»h{V;z)d\\V\\{z) whenever g g ^(C/,R"), 
h{V; •) e Lpdl V"|| L K, R") whenever iiT is a compact subset of U. 

If p < cxD then the measure tp is defined by 

i;^\\SV\\ ifp=l, iP=\h{V--)\P\\V\\ ifp>l. 

3.4. Suppose m, n, p = 1, U and V are as in [331 Then (51/ e ^'{U, R") wiU be 
extended to Li(||i5F||,R") by continuity with respect to ||i5F||(;i ) and ( dV)(g) 
will be used to denote this extension for g e Li(||(51/||, R") as in |Fed69l . 4.1.5]. 

3.5 Lemma. Suppose m,n € IP, m < n, U is an open subset of R", and 

y grv„,(c/). 

Then the following four statements hold: 

(1) If f : U — > R is \\V\\ measurable and A denotes the set of all z E U 
such that f is (||y||,m) approximately differentiate at z, then A is \\V\\ 
measurable and (||V^||, rn) apZ?/(z) o Tan™(|| z)^ depends \\V\\ l A mea- 
surably on z. 

(2) If f : U ^ R is Lipschitzian, then f is (||y||,m) approximately differen- 
tiable at \\V\\ almost all z. 

(3) If fi : U m is a sequence of functions converging locally uniformly to 
/ : J7 — > R and sup{Lip/i ; i G ^} < oo, then 

J {g{z), mim) api?/.(z)) d\\V\\z ^ / {giz), i\\V\\,m) apDf{z)) d\\V\\z 

as i ~* oo whenever g G Li(l|Fl|,R") with g{z) G Tan™(||Fl|, z) for \\V\\ 
almost all z. 

(4) If f '■ U R" is a Lipschitzian function with compact support in U and 
\\SV\\ is a Radon measure, then (see \3.4^ 

SV{f) = JS^ . {{\\V\\,m) ^pDfiz) o S^) dV{z, S). 

Proof of d) and ©. Since ||V"||(?7n {z : 0™(||y||, z) = oo}) = 0, a set B is 
I y II m easurable if and only if B n {z : ©^dl^H, z) > ) is J^ "" measurable by 
Fed69l . 2.10.19(1) (3)]. Hence ^ and © follow from [Fed69l . 3.2.17-19, 3.1.4, 



2.10.19(4), 2.9.9]. □ 
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Proof of ^ . Clearly, the assertion needs only to be verified for elements g of 
some subset X of Li(||yl|,R") whose span is ||y||(i) dense in Li(||Fl|,R") n 
{g-giz) e Tan'"(||y||,z) for z e U}. Therefore one may first assume = 
jf"^t_W for some (Jf"",TO) rectifiable and ^™ measurable subset o f U by 
[FedBiA 3.2.19, 2.10.19(4), 2.9.9] and then m = n, \\V\\ = if™ by |Fed69l . 
3.2.17-20, 3.1.5, 2.9.11]. This case can be treated with X = ^(R",R'") using 
partial integration. □ 

Proof of ^ readily implies ([4]) by means of convolution. □ 

3.6 Lemma. Suppose m, n, p, U , V , and are as in p < m, V G 
R-V„i(J7), ©™(||F||,z) > 1 for \\V\\ almost all z, K is a compact subset ofU, 
< S < and H is the set of all z £ spt such that 

\\V\\ B(z, r) > (5™(7(m)TO)-"V" whenever < r < oo, B(z, r) C K. 

Then there exists a Baire function / :[/^Rn{<:0<i<l} satisfying for 
g e ^([/,R") 

R" n {z : f{z) ^ 0} C K, \\V\m n {z : f{z) ^1}^H) = 0, 
f is (||y||,m) approximately differentiahle at \\V\\ almost all z, 
JS^ . Dg{z)fiz) dV{z, S) = 5V{fg) - J ap Df{z)) dV{z, S), 

ni(p)(iapi^/i)<5(4oorvw/^ 

]\V\\ iUn{z: f{z) 7^ 0}) < r ^(if 
(see\3^ where T = ((4G0)™7(m)TO)™P/("-P) . 

Proof. Let B = {U H) r\ {z : 0™(||1/1|, z) > 1} and assume B ^ 0. First, the 
following assertion will be shown: Whenever z ^ B there exists < i < oo such 
that B(z, lot) C K and 

t-^\\V\\B{z,10t)y/P < ,5(400)™ 7^(B(z,i))i/P, 

||V||B(z,iot) < rv(B(z,t))"/("^f). 

For this purpose choose < r < oo with B(z, r) C K and 

||y||B(z,r) < 5™(7(m)m)"'"r", 

let P denote the set of all < t < r such that 

\\V\\B{z,t) < (205)"(7(m)m)-™t'" 

and Q the set of all < < < ^ such that {s : t < s < 20t} C P. One notes for 
20 - * - ' 

s-"'\\V\\B{z,s) < (2G)"V-"||y||B(z,r) < (20<5)™(7(m)m)-", 

hence ^ G <9- Let p = i nf Q and note g > since 206 < 1 and (7(m)m)~'" < 
a.{m), cf. e.g. Men09al . 2.4]. Clearly, {s : g < s < 20g} C P. Also, whenever 
g<s<20g 

s~^\\V\\ Biz, s) > (20)-™^,-™]]^]] B(z, g) = 5™(7(m)m)-'" 
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because g G Clos({s : s < p} ~ P}). 

Define a:{s:0<s<r}^R and /3 : {s : < s < r} ^ R by 

a{s) = \\Vmz,s), /3(s)=^(B(z,s))i/f 

whenever < s < r. Then by [MenOSl . A.7jl 

7(m)-i < a{sY'"'-W\5V\\ B(z, s) + 

for almost every < s < r, hence by Holder's inequality 

(m7(m))-i < a(s)i/'"-i/P/3(s) + (a'/'")'(s) 

for almost every < s < r. This inequality implies the existence oi g < t < 
2g satisfying 

in fact if this were not the case, then for almost all p < s < 2g, recalling 
{s,10s} C P, 

(7(m)m)-i - (ai/'")'(s) < a(s)i/"-i/P(400)-"<5-is-ia(10s)i/P 

< (l/2)(7(m)m)-\ 
(205)(7(m)m)-i < (l/2)(7(m)m)-i < (ai/™)'(s), 

hence, using a 

(20(5)(7(m)TO)-Vand [Fed69l . 2.9.19], one would obtain 

for g < s < 2g 

a^/'^is) > + /^'(ai/'")'(i) d^H > {206){j{m)m)-^s, s i P. 

The second part of the assertion now follows, noting lOt < 20g, from 

\\V\\{B{z, 100)'^^"'/™ < t-'d-^j{m)m \\V\\{B{z, lOt))^^P 
< (400)™7(TO)mi/'(B(z,i))i/P. 

By the preceding assertion and [Fed69l . 2.8.5] there exist a nonempty, count- 
able set / and Zi € B, < ti < oo and Ui : U ^ R for i € I such that 

Ui{z) = sup{0, 1 — dist(z, B(zi, 5ti))/ti} for z e L/, i G /, 
spt Ui C B(zj, lOti) C K for i e /, 
B(zi,ii) nB(zj,ij) = whenever i,j ^ I,i ^ j, 

||t/||(p)(|apZ?u,|) <5(400^V(B(z„^0)'/^ 
||F||B(z„10tO < rV'(B(z„t,))"'/'™"^\ 
B C U{B(z,,5t,):j e 

Define vj : U ^ R by 

vj{z) = sup({0} U {uj{z) -.j e J}) for z eU 



similar statement can be found in Leonardi and Masnou |LM09l. Proposition 3.1]. 
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whenever J C /, and / = vj. Note < / < 1 and 

Ui{z) — 1 whenever z e B(zi, 5^;), i G /, f{z) = 1 for z G S. 
Noting [33] (HI) and defining g ~ sup{| apDuij : i G /}, one estimates for J C / 

\\v\\^,49r<E^ei\\vkp){\^pDu,\r 

< ^f(400)'"PE.e/V'(B(z„t.)) < SP{mrPi;{K), 
\\V\\{Un{z:f{z)>vj{z)}) 

Choose a sequence J(fc) with J(fc) C J{k + 1) C /, card J(fc) < oo for fc G 
and [j{J{k) : fc G ^} = /. Then 

li V^ll ([/ n n {{^ : f{z) > vj^k) {z)} : fc G ^}) = 0, 

hence / is (||T^||,m) approximately differentiable at almost all z and 

sup{| ap Dvj(^k){z)\, I apL'/(z)|} < g{z) for \\V\\ almost all z, 
ll^ll(p)(l ap£'wj(fc) - apD/l) ^0 as fc cx) 

by |Fed69l . 2.10.19(4)] and[33]([I]). The integral formula holds with / replaced 
by vj(fc) for k ^ 3^ bv l3.5l (P|). hence, taking the limit k ^ oo, also for /. □ 

3.7 Remark. The function / cannot be required to be continuous at ||y|| almost 
all z. To prove this let mp/{ni ~ p) < rj < oo, n — m + 1, U — R", apply 



MenOQal . 1.2] with aiqi — a2q2 — r] to obtain /i and T and define V by the 



requirement \ \V\\ = /x- Take ^ G T with 0™(-0,^) = 0; the existence of such ^ 
follows from [Fedeol, 2.10.19(4)] as ^{T) = 0. (Alternately, it follows from the 
estimates in Men09ai . 1.2] that one can take any ^ G T.) Let < r < 1 and 
K = B(^,2r). One verifies the existence of e > depending only on V, 6, r], 
and m such that 

B(5, r) n {z : < dist(z, T) < e} n F = 0. 

Therefore any such function / would have to satisfy f{z) ~ 1 for \\V\\ almost 
all z G mU(^,r), hence 

\\V\\iUn{z:fiz)^0})>a{my^ 

which would be incompatible with the last inequality of 13.61 for small r even if 
r would be allowed to depend additionally on V and 6. 

3.8. If a > 0, & > 0, c> and > then 

inf{at= + bt-"^ : < i < oo} = ((d/c)=/('=+'') + (d/c)-'*/('=+'*))a'^/('=+'^)6=/('=+''). 

3.9 Lemma. Suppose m, n, p, U , V , and ip are as in \3.3\. p < m, V € 
RV„i(?7), 0™(]|y]],z) > 1 for \\V\\ almost all z, K is a compact subset of U , 
H is the set of all z G spt \\V\\ such that 

\\V\\ B(z, r) > (40)-™(7(m)m)-"V" whenever 0<r<oo, B{z, r) C K, 
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</) G ^°(C/), < (/> < 1, spt<?!) C A", 1 < g < oo, l/p+ 1/q > 1, a G R", 
T G G(n, m), : [/ ^ R with h{z) — dist(z — a, T) for z E U , and 



a 



7=(0'||T/||Li/)(^)(/i) */g<oo, 
7 = sup{/i(z) : z G spt ||F||, > 0} if q — oo, 

e=(||F||Li/)(2)(|I?0|/i). 



Then 



/32 < r(a'"P/(™-f) + (a7)i/(i/f+i/«)) + (16 + 4m)^2 
where T is a positive, finite number depending only on m, p, and q. 

Proof. Assume a ~ 0, hence h{z) = \T^{z)\ for z G ?7. Use 13.61 with S — to 
obtain / and define Vi, V2 G RV ,„([/) by 

Vi{A) = J2f{z)dV{z,S) ioi AcUx G{n,m) 

and V2^V - Vi. Using [FedGOl . 2.10.19(4)], one remarks 

f{z) = 1 and &vDf{z) = for \\V\\ almost ah z G [/-iJ, 

-r^|2dyi(z,^) < 4mr|xn](m,p)a"p/('"-^'\ 

11-5^211 < (1 - + I apZ?/|||F||, l|V^||(rt(lapZ?/|) < (400ra. 

Defining g — (p'^ {T^ \ U) , one obtains 

Jcl,{z)'\S^-m'dV2{z,S) < 41(5^2) (5) I + lee' 
Bra78l 5.5]. If 1/p + 1/g = 1 then the conclusion is a consequence of the 



as m 

preceding remarks and Holder's inequality. Therefore suppose l/p+ 1/q > 1, 
hence p < 00 and q < 00. 

Letting < t < 00, r = 1 — q{l — 1/p), and defining rj : {s : < s < co} 
{s : < s < 1} by 77(5) = inf{l,<s^''} for < s < 00, one observes < r < 1 
and 

< S7]{s) < ts^^^ whenever < s < 00, 
\sr]'{s)\ + |1 — < 1 whenever t^^"^ < s < 00. 

Moreover, defining rji : U ^ R", ri2 : U ^ R" by 

rj,iz) = rjim^iz)\)T^^iz), rj^iz) = (1 - rji^^ iz)\))T^^ (z) 

whenever z d U, 

Zi = Un{z:0< h{z) < i^/'^}, Z2 = Un{z:t^^'' < h{z)} , 

one notes rji + rj2 — \ U and computes 

{v, Dr^2{z)) = -v\K{z)\y^^^T^'-{z) + (1 - v{K{z)\))T^^{v) 
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for z £ Z2, V G R", hence 

\\Df]2{z)\\<l forzeZa 

and for z G U 

\rji{z)\ < th{zy-'' ifr<l, \r]i{z)\<t ifr = l. 

Letting gi = (jP'rji, g2 = 0^fy2, one notes gi + g2 = g and infers \gi \ — 0^|77i|, 

\\Dg2{z)\\ < 2^{z)\D(b{z)\hiz) + (b^iz)\\Dr,2iz)\\ 

< 202(z) + \D(j){z)\'^h{z)'^ < 2?!)2(z)i-«/'-/i(z)« + \D(j){z)\'^h{zf 

for z E Z2. Since Dg2{z) — for z E Zi and 0, Dcf), and h are continuous, 
approximating gi and 172 by smooth functions yields that |(<5V2)((?)| does not 
exceed 

t\\5V2\\{(f'h^-'-)^m\\V2\\{2t-'il'-cf'h'i + \D<l)\''h^) ifr< 1, 
t\\5V2\\{c^^) + m\\V2\\ {2t-'i(b^h'i + \D^fh^) if r= 1, 

hence, using Holder's inequality and recalling the remarks of the first paragraph, 
one obtains 

\iSV2){g)\ < i(800)™a7i-'' + 2mt-«/'-7'' + m^^ if r < 1, 
\{SV2){g)\ < i(800)"a + 2mi-V + if r = 1. 

The conclusion is now a consequence of 13.81 □ 
3.10 R emark. Using the inequality relating arithmetic and geometric means (cf. 



Fed69l . 2.4.13]), one obtains for < A < 00 
Note, concerning the exponent of a, if l/q = 1/2 — 1/rn, then 2(i/p+i/q)-i ~ 

mp 
m—p ' 

3.11 Remark. The estimate for |((5V2)(.g)| is adapted from Brakke Bra78L 5.5] 
where p S {1, 2} and q — 2. 

3.12 Remark. One cannot replace h by the distance from two planes parallel 
to T, as may be seen from the estimates for the catenoid in 13.21 considering 
R — > CX3. Th is behaviour is in contrast to the Sobolev Poincarc type inequality 
in |Men09bl 3.4]. 



3.13 Lemma. Suppose m, n, p, U, and V are as in \ 3. 31 (p £ &^{U), > 0, 
1 < 9 < 00, 1/p + \/q > 1, a e R", T e G{n,m), h : U R with h{z) = 
dist(z — a, T) for z E U , and 

a^\\5V\\{<i>^) tfP=h a^{(f>^\\V\\)^p){h{V;-)) tf p > 1, 
P={Jcbiz)'\S^-m^dViz,S)f\ ^^i\\V\\)^,^imh), 
l=i^^\\V\\)^q)ih) ifq<^, 7=(0'll'^^ll)(oo)W «/g = oo. 
Then 

< r(a7)i/(i/?'+i/«) + (16 + 4m)C^ 
where T is a positive, finite number depending only on m, p, and q. 
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Proof. The proof of 13.91 has been designed such that a proof of the present 
assertion results when the arguments involving the function / arc omitted. □ 



4 Approximation by Qq(R" valued functions 

The purpose of this section is to establish the necessary adaptions and ex- 
tensions of the approximation by Qq(R"^™) valued functions carried out in 



Men09bl . 2.18]. This is done in [48l((Tl)-(lll) and supplemented by a basic esti- 
mate concerning the partial differential equation satisfied by the "average" of 
the approximating function in l4.8l ([5|) leaving the estimates more directly related 
to the purpo ses of the present paper to Section[71 The results are based on those 
Men09b| . §2]. However, as their statements are sometimes rather long, only 



the statement of the "multilayer monotonicity with variable offset" , has been 
duplicated here in 14.61 



4.1 Definition. A subset of a topological space is called universally measurable 
if and only if it is measurable with respect to every Borel measure on that space. 

A function between topological spaces is universally measurable if and only 
if every preimage of an open set is universally measurable. 

4-2 Remark. The correspo nding d efinition for measures defined on Borcl families 



can found for example in jCV77l . III. 21]. 

4-3 Remark. If / : X — > y is a Borel function and A is a universally measurable 
subset of Y, th en /^^[A] is universally measurable as may be verified with the 
help of jFed69l . 2.1.2]. 

4.4 Remark. The universally measurable sets form a Borel family. 

4.5 Lemma. Suppose X is a complete, separable metric space, Y is a Hausdorjf 
topological space, f : X ^ Y is continuous, B is a Borel subset of X , and 
g : B {t:0 < t < 00} is a Borel function. 

Then h : Y {t:0 < t < 00} defined by 

^(y) = 9 whenever y £Y 

Bn/-i[{2/}] 

is universally measurable. 

Proof |Fed69l . 2.10.10, 2.3.1 (6)] may be adapted by use of |Fed69l . 2.2.13, 2.3.3] 



to obtain the conclusion. □ 



4.6 Lemma (Multilayer monotonicity with variable offset, cf. Men09bl , 2.12]). 

Suppose n,Qe3^,0<M<oo,S>0, and < s < 1. 

Then there exists a positive, finite number e with the following property. 

If m e m < n, Z <Z R", T G G(n, m), 0<fi<oo, 0<r<(X), 
<t <oo, f : Z ^ R", 

-Z2)\< S\ZI - Z2I, \mf{zi) - f{z2))\ < Sl/(zi) - f{z2)\, 

/(z) - z e rnB(0,d), d<Mt, d + t<r 
/or z, 01, Z2 e 1^ e IV ,„( lJ{U(z. r) : z G Z}) , \\5V\\ is a Radon measure, 
E.ez^TiWVlz) >Q-l + d, \\V\\ U(z,r) < Ma(m)r™ 
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whenever z £ Z (1 spt and 

\\5V\\B{z,g)<s\\V\\{B{z,e)y-'/"', 

/b(.,,)xG(„,™) l^h - T^imC^ S) < e \\V\\ B{z, g), 

whenever < g <r, z G Z n spt \\V\\, then 

\\V\\ (U{U(/(^), i) n : m -z)\>s\^-z\}:z€ Z}) > {Q - ^)a(m)t™. 

4.7 Lemma. Suppose X , Y are normed vector spaces, f : X ^ Y is of class 
1, a € X , < r < oo, Q G 3^, Xi G B(a,r) fori = 1,...,Q, and j = 
Up{Df\B{a,r)). 



Then 



< 7r^. 



Proof Let P : X ^ F by defined by P{x) = f{a) + {x - a, Df{a)) for xgX. 
Then for x e B(a, r) 

\f{x)~P{x)\ = \{x-a,f^Df{a + t{x-a))-Df{a)dJ^H)\ < {^ijiy. 

Since ^ Y^=\ P{^i) = P{Q^^ J2?=i this implies the conclusion. □ 

4.8 Lemma. Suppose n,Q € < L < oo, l<M<oo, and < 6i <1 for 

i e {1,2,3,4,5}. 

Then there exists a positive, finite number e with the following property. 
If m e ^ , m, < n, < r < oc, < h < oo, h > 2&^r, T = imp*, 

U = (R™ X R"-") n {{x, y) : dist((a:, y), C(T, 0, r, h)) < 2r}, 

V S TVm{U), \\5V\\ is a Radon measure. 

(Q - 1 + <Si)a(m)r™ < ||y||(C(T, 0, r, h)) < {Q + I - 52)a{m)r^ , 
||y ||(C(r, 0, r, /i + 5^r) ^ C(T, 0, r, /i - 25ir)) < (1 - 5z)a{m)r"' , 

\\V\\{U) < Ma{m,)r"^, 

0<6<e, B denotes the set of all z e C{T,0,r,h) with @*"'{\\V\\,z) > such 
that 

either \\SV\\B{z, g) > 6 \\V\\{B{z, g))^''^^"' for some < g < 2r, 

«^ lBi.,s)xGin,m)\S^-T^\^Vi^'S)>^\\n^i^,Q) for some < g < 2r, 

A = C{T, 0, r, /),) - B, A{x) = An{z: p{z) = x} for x G R™, Xi is the set of 
all X G R™ n B(0, r) such that 

E.eAi.)®"'m\,^^) = Q <^nd 0"(l|l^|U)G^U{O} /or ^gA(x), 

X2 is the set of all x e R™ n B(0, r) such that 

E.eA(x)®'"(ll^ll>^)<Q-l o-^d 0-(||y||,^)G^U{O}/or^G^(x), 

TV = R™ n B(0, r) ~(Xi U X2), and f : X^ ^ Qq(R"-™) is characterised by 

the requirement 

©""(IIFIU) = ©"(||/(x)|l,q(z)) w/ie?zei;er a; G Xi and z G A(a;), 
then the following nine statements hold: 
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(1) Xi and X2 are universally measurable, and J^'^{N) ~Q. 

(2) A and B are Borel sets and 

q[Anspt||y||] C B{0,h~d4r). 

(3) p[An{z:©™(||V^|U)=.Q}] cXi. 

(4) The Junction f is Lipschitzian with Lip / < L. 

(5) For ^™ almost all x G Xi the following is true: 

(a) The function f is approximately strongly affinely approximable at x. 

(b) If {x, y) e graphQ / then 

Tan™(||F||,(a;,y)) =Tan(graphQapA/(x),(x,2/)) £ G{n,m). 

(6) Ifae C{T,0,r,h), 0< g<r- \p{a)\, |q(a)| +64,0 < h, and 

Ba,g = C(T, a, g, S^g) Ci B, 

Ca,e = B(p(a),e)~(Xi^p[B,,,]), 

Da,g^C{T,a,g,5ig)rM;y-\CaA 

then Ba,g is a Borel set and Ca,Q and Da,g are universally measurable. 

(7) If a, g, Ba^g, Ca.g, and Da.g are as in ^ and 

graphg /|B(p(a), g) C C{T, a, g, 6ig/2), 
\\V\\{C{T,a,g,64g)) > (Q - l/4)rx{m)g"\ 

then 

^"'iCa,g) + \\V\\{Da,g)<T^ \\V\\{Ba.,g) 

With r^^3 + 2Q + (12Q + 6)5". 

(8) Suppose H denotes the set of all z e C(T, 0, r, K) such that 

||<5F||U(z,2r)<e||y||(U(z,2r))i-i/", 
/u(..2.)xG(„,™) 1^^ - I d^(^' S)<e\\V\\ U(z, 2r), 
\\V\\B{z,g)>6^0i(rn)g'^ for0<g<2r. 

Then there exists a positive, finite number ejgj depending only on m, 62, 
and 64 with the following property: 

Ifce R" nU(0,r), Q < g<r~ \c\, if"(B(c, g) - Xi) < e^a{m)g"\ 
7^ P C C(T, p*(c), p), for every z ^ P and x G B(c, p) there exists y 
with {x, y) & P and \y — q(z)| < |a; — p(z)|, and d : C{T, p*(c), p, /i) ^ R 
and g : Xi n B(c, p) — > R are defined by 

d[z) - inf{|q(e - z)| : e G F, p(0 = v{z)} for z G C(T, p*(c), g, h), 
g{x) = sup{d(a;, y):y e spt f{x)} for x ^ XiD B(c, g), 
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then Lipd < 2^/"^, Lip 5 < 2'^^'^{1 + L), and 

(||F||Li/nc(T,p*(c),e,/i))(^)(d) 
< rpQ((^™ L B(c, n + ^"^(B(c, q) ^ x^i/^+i/™) 

whenever 1 < q < 00 where Fjgj is a positive, finite number depending 
only on m. 

(9) If a, g, Ca.g, Da,e are as in ([6]), 

graphg /|B(p(a), g) C C(r, a, g, 6ig/2), 

g : R" R"-'", Upg < 00, g\Xi = t]qO f, t £ Hom(R™, R"-"), 
e G ^(R",R"-™), ?7 G ^0(R"-™), 

spt 6* C U(p(a), g), < 77(2/) < 1 forye R"~™, 
spt 77 C U(q(a), (54^?), B(q(a), (54^^/2) C Int(R"-™ n {y : 77(2/) = 1}), 

and denotes the nonparametric integrand associated to the area inte- 
grand , then 

\Qj{D9{x), D^l{Dg{x))) d^™x - (<5V^)((7? o q) • (q* o o p))| 
< 71 Lip J 1)61 1 d^" 

+ m'/'J^^ ^ \D{{7j o q) . (q* o o p))| d||y || 

where 

71 = sup ||I?2vl/§||[B(0, 771^/2 Lipg)], 
72= Lip {DHl\BiO,m'^\L + 2\\T\\))), 
Ea.,g = B(p(a), e) n n {a; : 0"(||/(x) ^ Q}. 

Choice of constants. One can assume 2L < ^4 and ^5 < (27(7n)777,)^™/Q:(m) 
whenever m d ^ with m < n. 

Choose 0<so<liO<s<l close to 1 satisfying 

(So 2 _ 1)1/2 < ^^/2, (s-2 _ 1)1/2 < {(54/4, L} 

and define e > so smah that 

f-7ie2>f/2, (f -7ie2)(0 - 1/4) > Q - 1/2 

and not larger than the infimum of the following numbers corresponding to 
m G ^ with m < n 



lMen09bl 2.181 (n - m, 771, Q, L, M, (5l, (^2, (53, (^4, (27(777)) \ 

£g2](", + 1, M, i nf{(52/2 (27(77i)777)-™/a(777)}, s) 0, Ai", 1/4, s) 

e lMenOQbl 2.13] (" " "7, 777, 1, S2, 0, Sq, Af). 



Clearly, 6 satisfies the same inequalities as e and one can assume r = 1. □ 
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Proof of ([J) © (HI) (H]) • The sets Xi and X2 are universa lly measu rable by 
and SSI Noting the sets Y and Z defined in the proof of [Men09bl . 2.18 (1) (2)] 
equal Xi and X2 and satisfy ^"(B{0, 1) ~(y U Z)) = 0, the assertion follows 
from |Men09bl 2.18 (1) (2) (4) (7)]. □ 

Proof of ([3]). Let 7/ = 'mi{52/2, {2^{m)m)^'"'^ /a{m)}, consider z ^ A with 
&'"{\\V\\,z) = Q, Z = A{p{z)), note, using ©, that 

u(e - p*(pW), 1) n : |rh(«; - > - m C C(T, 0, 1, h) 

for ^ G A{p{z)) and apply [TBI with 

Q, (5, d, r, i, and / 
replaced by Q + 1, 77, 1, 2, 1, and T_p.(p(z))|Z 

to obtain J2ieA{p{z)) ^TiWhO <Q + V, hence |Men09al . 2.5] implies ©. □ 

Proof of (O. The set p[i3a,e] is universally measurable by [Fed69l . 2.2.13], hence 
Ca,g, Da.g are universally measurable sets bv 14.31 [44l □ 

Proof of ([7]) . Let v denote the Radon measure characterised by 

v{Z)^ ^^\\kMS)\\dV{z,S) 

whenever Z is a Borel subset of U , and note 

l^i, - Tt, I < e for V almost all (z, S) e Ay. G(n, m). 



hence 1 - ||A™(p|S')|| < 1 - ||A„(r^|S')||2 < me^ for those (z, 5) by [MenOQbl . 
2.16]. Therefore 

{\-me'^)\\V\\^A<v^A. 
This implies the coarea estimate 

(1 ~ me2) \\v\\ (C(r, a, <54^?) n [M^]) 

< ||F||(Sa,enp-i[w^]) +Q-5^"(^int^) + (Q-i)^'"(X2nVF) 

for eve ry subset W of R™; in fact the estimate holds for every Borel set by 
Fed69l . 3.2.22(3)] and P#{\\V\\ ^ Ba,g) is a Radon measure by [Fcd69, . 2.2.17]. 



In particular, taking W = B(p(a), g) yields 

{l-me^)\\V\\{C{T,a,g,S^g)) < \\V\\{Ba,g) + Qa{m)g"' , 
thus one can assume, since 8Q + 6 < Ljtj, that 

\\V\\{Ba.g) < ia(m)e™. 
Next, it will be shown that this assumption implies 
^"\XinB{p{a),g))>0; 
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in fact, using the coarea estimate with W = 'B{p{a), g), one obtains 

{Q~l/2)a{m)g^ 

< il~me^)\\V\\{C(T,a,g,5ig)) 

< \\V\\{Ba,s) + n B(p(a), g)) + (Q - l)if'"(X2 n B(p(a), g)) 

< (Q - l/2)a(m)g'» + n B(p(a), g)) - i^™(X2 n B(p(a), g)), 
^™(X2 n B(p(a), g)) < 4if'™(Xi n B(p(a), g)), n B(p(a), g)) > 0. 

In order to estimate ^™(X2nB(p(a), g)), the following assertion will be proven. 
Ifx e X2nB(p(a),e) and0"(^'"LR"~X2,a;) = 0, then there exist C & R"* 
and < t < oo with 

X e B(C, t) c B(p(a), g), Jf" B(C, 5i) < 6 • 5™ ||y|| (S,,, n p-MB(C, t)]). 

Since n B(p(a), g)) > 0, some element B(C, i) of the family of balls 

{B((l - e)x + 0pia),0g) : < 61 < 1} 

will satisfy 

X e B(C, t) C B(p(a), g), < ^"\Xi n B(c, t)) < i^'"(X2 n B(c, t)). 

Hence there exists i] eXiD lJ{C,t). Noting for ^ e v4(r/) with 0"(||F||,O > 

^i^P'iC-v)iO,t) C p-MB(C,t)], ? e spt/(77) C B(q(a),<54f?/2), 
- l)i/2|p(«;_^)| < < 5ig/2 for k E p-^[B{(:,t)], 

the inclusion 

U(^P*(C-^)(0,i) n {a* : |p(At - 01 > s|k - e|} C C(T,a, g,Sig) n p-MB(Ct)] 

is valid for such ^ and 14.61 can be applied with 

S, Z, d, r, and / replaced by 
1/4, A(r7)nU:0"(||F|U)>O},t, 2, 
and Tp,(^c-v)\Mri)n{^:e"\\\V\\,O>0} 

to obtain 

(Q - l/4)a(m)t™ < \\V\\{C{T,a, g,S4g) np-'[B{C,t)]) . 
The coarea estimate with W — B(C,t) now implies 

(g - l/2)a(™)t™ - \\v\\{Ba,,np-'[B{(:,t)]) 

< Qi^"(Xi n B(C, t)) + (Q - i)^'"(X2 n B(C, t)) 

= {Q- l/2)a(m)f" + i^f' "(Xi n B(C, t)) - i^"(X2 n B(C, i)), 
hence, recalling ^'"(Xi n B(C, i)) < 5-S?"(^2 n B(C, i)), 

|^™(B(C, t)) < if™(X2 n B(C, t)) < 4 lli^ll (B,^, n p-MB(C, t)]) 
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and the assertion follows. 

The assumption of the last asserti on is s atisfied for ^™ almost all x e 
nB(p(a),e) by [Fed69l . 2.9.11] and jFedeol . 2.8.5] implies 

Jf"(X2 n B(p(a), g)) < 6 • 5"||l/||(Ba,e)- 

Clearly, 

^"(P[i?a,,]) < ^™(i?a,,) < \\V\\{Ba.,,). 

Since Ca,e iV C (X2 n B(p(a), £»)) U p[Ba,g], it follows 

^"(Ca,,) < (l + 6-5")||^||(i?,^,). 
Finally, applying the coarea estimate with W = Ca,g yields 

(1 - me'')\\V\\{Da,s) < \\V\\{Ba,s) + Q^"\Ca,e) 

< (l + Q + 6Q-5")||l/||(i?a,e) 
and the conclusion follows. □ 
Proof of dSD. Choose < A < 1 such that 



A < inf{A |Men09bl 2.18 (4)] (™, (52,(54), A |Men09lj. 2.13] ("^: S2,Sq)/2} 



and define ejg} = (1/2) (A/6)"' < 1. 

Suppose zi,Z2 G C{T,p*{c), g,h) and G P with p(fi) = p(2:i). Then 
there exists ^2 G P such that p(^2) = Z2 and |q(^i — ^2)! < |p(Ci ~ ^2)!, hence 

iq(6 - 22)1 < |q(e2 - a)i + |q(a - ^i)i + |q(^i - ^2)1 

<2i/2|zi-Z2| + |q(6-^i)| 

and Lipd < 2^/"^. 

Suppose xi,X2 G Xi nB(c, g), j/i G spt/(xi). Then there exists y2 G 
spt/(a;2) with \yi — 2/2! < L\xi — X2\, hence 

dixi,yi) < 2^/^\{xi,yi) - ix2,y2)\ + d{x2,y2) < 2^^\l + L)\xi - X2\ + g{x2) 

and Lipg < 2^/2(1 + i). 

First, the case q < 00 will b e treated. Note A D spt \\V\\ C i? and H D 
p-i[Xi] = graphg/ by iMenOQbl . 2.18(4)], let V = \\V\\lH r]C{T,p*{c), g,h) 
and recall 

(P#V^) L < 2(p#(i. L H)) L < 2g^" L 

with z/ as in the proof of ([7]). Using 

HnC{T,p*{c),g,h)np-^[Xi] n {z:d(z) > 7} 
C n p"^ [Xi n B(c, e) n {a; : .9(2;) > 7}] 

for < 7 < CXD, one infers 

(V'Lp-^[Xl])(^)(d)<2g(^'VXlnB(c,^;))(^)(g). 
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Therefore it remains to estimate (?/' l t/ ~ p ^ (d). 

Whenever x e B(c, £i) -ClosXi there exist C e R", < i < {2e^Yl'^Q = 
Xg/6 such that 

X e B(C, t) c B(c, e), if "(BIC, t) n Xi) - ^™(B(C, i) ~ Xi) 

as may be verified by consideration of the family of closed balls 

{B{9c + (1 - 9)x, 0g):O<0< {2e^)^/'"'}. 

Therefore |Fed69l . 2.8.5] yields a countable set / and Q G R™, < U < Xg/6 
and Xi ^ Xif] B(Ci, ti) for each i G / such that 

B{Q,U)cB{c,g), Jf™(B(C„t.)nXi) = J^™(B(G,t.)^^i), 
B(^i,ii) nB(Cj,tj) = whenever i, j G / with i 7^ j, 
B(c, ~ Clos Xi C U{^^» : * e ^} C B(c, fii) 



where = B(Ci, 5ti) n B(c, g) for i G /. Let 

h, = g{xi), Z, = A{x^)r\{£,:@'' 

for i G /, J = lr\{i:hi > 24t,}, and AT = / ~ J. 
In view of [MenOQbl . 2.18 (5)] there holds 



In order to estimate the terms on the right hand side, two observations will be 
useful. Firstly, if i e I , z e H f] C{T,p*{c), g,h) np~'^[Ei], then 

d{z) < 24U + hf, 



in fact \p{z) - Xi\ < 6U < Xg < X and [Men09bl . 2.18 (4)] yields a point ^ e Zi 
with |q(z — ^)| < L\p{z — hence 

k - ^1 < (1 + L)\p{z - 01 = (1 + L)\piz) -x,\< 12U, 
d{z) < 2^/2 1 z - ^1 + d{^) < 24U + h,. 

Moreover, since 

H n C(r, p*(c), e, h) n p-'[E,] c U{B(^, I2t0 : e g zj, 

one may apply [MenOQbl . 2.13(1)], verifying 

U(z - p*{x,), 1) n U : |p(e -z)\> sole - ^1} C C(T, 0, 1, /i) 

whenever z G ^(x^) with the help of with 

m, n, 61, s. A, X, d, r, t, /i, and t replaced by 

' Lenogj 2.i3(i)](w>'^2,so), ^i, 1, 2, 1, -p*{xi), \\V\\, and 12ii 



n — m, m, 1, 0, A 
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to obtain the second observation, namely 

■^(p"^^^]) <{Q + l)a(m)(12t,)'" whenever i e I. 

Now, the first term will be estimated. Note, if j G J, then 

d{z) < 2hj whenever z G H n C{T,p* (c), g, h) np^^[Ej], 
2hj < 3g{x) whenever x G n B(Cj, tj), 

because 

g{x) > g{xj) — 4,\xj — x\ > hj ~ 8tj > 2hj/3. 

Using this fact and the preceding observations, one estimates with J{"f) = J fl 
{j : 2hj > 7} for < 7 < oo 

^{p-'V{Er-J e J}] n {z:d{z) > 7}) < E,eJi^)i'{p''m) 

<Eje,7(^)(Q + l)«M(12i,)" 

< (Q + l)(12rif"(U{B(0,i,):j G J(7)}) 

< 2{Q + l)(12)"i^™(U{Xi n B(0,i,) : J G J(7)}) 

< 2{Q + l)(12)"^"(Xi n B(c, g)n{x: g{x) > 7/3}, 

hence 

- P-'[[J{E, ■■ J e J}])(,) id) < Q(12)"+i L n B(c, {g). 

To estimate the second term, one notes 

d{z) < AStk whenever keK, ze H nC{T,p*{c), g,h) Hp^'^iEk]. 

Therefore one estimates with K{j) = K D {k :48t/c > 7} for < 7 < cx) and 
u : R"* — > R defined by u — ^i^jtibi where bi is the characteristic function of 

^{p-'[U{Ek : k G K}] n {z : d{z) > 7}) < EkeKi-,)HP''[Ek]) 
<EfceKw(0 + l)«M(12ifc)" 

< (Q + l)(12)™if™(U{B(a, ife) : A; G if (7)}) 

< (Q + l)(12)"i^'"(R"n{a;:M(a;) > 7/(48)}), 

hence 

{^P^p-'[[j{Ek:ke if }])(,) (d) < g(12)™+2^"(,)(zi). 

Combining these two estimates and 

^"(U{B(C.,<.):* e I}) < 2^"(B(c,e)^Xi), 

/Iwrd^f™ - a(m)-''/™E,,^,^"(B(C„i.))'+'^'" 

<a(m)-''/™(E,e/^'"(B(G,i.)))'^''^", 
(^'")(^)(m) < 4Q:(m)-i/"^'"(B(c, e)-Xi)i/«+i/"', 

one obtains the conclusion for q < 00. 

The case q — 00 follows by taking the limit 5 — > 00 with the help of |Fed69l . 



2.4.17]. □ 
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Proof of ^ . Let J, fi be associated to / as in 12. 3[ and define Ci = dmn for 
i £ I and G = graphg /. Note 

G n [B(p(a), g) ^ Ca,s] = G n C(r, a, g, Sig/2) ^ p-'[CaJ, 
p[BaJcCa,s, \\V\\{C{T,a,g,6ig)^iGUp-'[Ca,a])) =0. 

Therefore one computes using [2?6l and recalling that Ga,g, Da,e: and, bv 14.31 
also p^^[Ca,g] are universally measurable 

E /c.nB(p(a).,) . c.^^{De{x),D^l{^^Df,{x)) ) d^™x 

^6{V^{Gf^p'\B[p{a),g)^CaJ) x G(n, m)) (q* o o p) 

= l(G n C(r, a, e, ,54^?/2) ^ p-^ [G,,,]) x G(n, m)) ((77 o q) • (q* o o p)) 

= 6{V l(C(T, a, 54f?) ^ p-^[CaA) X G(n, m)) ((ry o q) • (q* o o p)) 

= o q) . (q* o o p)) - ^(F Lp,,, X G(n, m)))((r; o q) • (q* o o p)), 

hence 

Qj{De{x), D^l{Dg{x)) ) dif™x - (<5F)((77 o q) • (q* o ^? o p)) 
= Q/^^ ^(i^0(x),Z?*§(i^5(x))) dif^x 

+ ^?(/B(p(a),,) ^ c„„ ( De{x),D^l{Dg{x)) ) A^"^x 

- ^ E /c,nB(p(a).,) ,(^^(^). D^l{^^Df,(x)))d^^-x) 

- SiV ^{Da.g X G(n, m)))((77 o q) • (q* o o p)). 

The first summand may be estimated using 

D^l{0) = 0, \\D^l{a)\\ < 7i|a| < -fim^/^Upg 

for a e Hom(R™, R""™) with ||a|| < Lipg. The second summand can be 
treated noting 

Dg{x) = y- ^ apDfi{x) where I{x) = I Ci {i:x 6 dmnapD/i} 

for almost all x E B(p(a), g) ^ Ca,g and applying 14.71 with 

X, Y, f, a, r, and {xi,..., xq} 
replaced by Hom(R"\ R""™), Hom(Hom(R", R"^"), R), D*^, r, 
Q-i/2| apA/(x) (+)(-t)|, and {api^/,(a;) : ^ e /(a;)} 

for ^™ almost all x G £^a,e ~ C'a,^. Finally, the third summand is estimated by 
use of 

\S^^•P\<m^/^\p\ for5'eG(n,m),/3eHom(R",R"). □ 
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4-9 Remark. Concerning measurability, note that measurability of W does 
not imply \\V\\ measurability of p~^[VF] but only i/ measurability. An example is 
provided by taking n — m — I, m > 1, W to he a. J^"^~^ nonmeasurable subset 
of S"-! and V € IVrn /R"" X R"~"') such that ||y|| = Jf" l p-i[S"-i] as may 
be verified by use of jFedGOl . 2.2.4, 2.6.2, 3.2.23]. In the case W = Ca,g this 
difficulty could also have been resolved by making use of p~^[Xi ~p[i3a_g]] n 

Ba.g = 0. 

4.10 Remark. If a and g are as in a S A, 0™(||V||,a) = Q, < s < 1, 
(s-2 _ 1)1/2 <S^,6< Q, M, 1/4, s), then 

U(a, e) n {e : |p(e - a)| > s|e - a\} C C(T, a, g, S^g) 
and 14.61 applied with 

(5, Z, d, r, t, and / replaced by 
1/4, {a}, 0, 2, and 

yields 

||y||(C(T,a, e, S4g)) > {Q - l/4)a(m)e". 
Moreover, if additionally L < 5^/2 then ([3]) implies a G graphg / and 
graphg /|B(p(a), q) C C(T, a, (^4^/2). 



5 An interpolation inequality 

In this section an interpolation inequality for weakly differentiable functions 
defined in a ball U(a, r) with a € R™, < r < 00 with values in R"~™ is proven 
fsee l5.3p which states that the Lebesgue seminorm of a function can be controlled 
by a small multiple of a suitable Lebesgue seminorm of its weak derivative and 
a large multiple of the Li l A, R"~™) seminorm of the function where A is 
subset of U(a, r) which is large in ^™ measure. The possibility to neglect a set 
of small .if™ measure will be important in S ection [ 71 The proof is accomplished 
following essentially the usual lines (see e.g. |gTO ll Theorem 7.27]). The case of 
Lipschitzian functions with values in Qq(R"~'") then is a simple consequence 
of Almgren's bi-Lipschitzian embedding of Qq(R"~™) into R^*^ for some P, 
see 15.41 Finally, two auxiliary statements are included in 15.51 and 15.61 for later 
reference. 

5.1 Lemma. Suppose m,n G , 1 < < m < n, either = m = \ or 
< m, q — 00 if m — 1, q ~ mC,/{m — C) if m > 1, U is an open, bounded, 
convex subset of TV" , A is an measurable subset of U with JC^"(A) > 0, 
w e Wi'i([/,R"-™) andh^ f^ud^"^. 
Then 

^(diamC/)™,^ , 

I \q,U - ^m(A) I ICC/ 

where T is a positive, finite number depending only on m and C- 
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Proof. If C = m = 1 then u is ^^\-XJ(a,r) almost equal to an absolutely 
continu ous function by |Fed69l . 4.5.9 (30), 4.5.16] and the assertion follows from 
Fed69l . 2.9.20]. 



If C < m this fact can be obtained by combining the method of [GTOl 



Lemma 7.16] with estimates for convolutions, see e.g. O'Neil 0'N63l ]. □ 

5.2. Suppose a,x & R™, < g < 2r < oo, x & U(a, r) and b = aif\x — a\ < g/2 
and b — X + [g/2){a — x)/\a — x\ else. Then one readily verifies U(6, g/2) C 
U(a,r) nU(x, e). 

5.3 Lemma. Suppose m, n e ^ , 1 < < m < n, either = m = I or Q < m, 
q = oo if m — I, q = m(/ (m — C) if m > 1, l<£,<q, C^^^1i^<'^< cxDj 
a G R", < r < oo, u e Wi'i(U(a, r), R"""*), A is an ^™ measurable subset 
ofU{a,r), andif"(U(a,r)-^) < A < (l/2)a(m)r'". 
Then 

where T is a positive, finite number depending only on m and ^. 

Proof Define Ai Ij^m, C)a{m)-^2^"^+^ , A2 2"'+^ and T = 2'^"'+^Ai. 
Let g = Ai/™a(m)-i/%'+i/™, note g<2r and define 

E{b, t) ^ U(a, r) n U(6, t) whenever b G R™, Q<t<oo. 

One estimates, using [^21 

^""{Eib, e) - A) < A = 2-i-"Q;(m)g™ < J^"(£;(6, g))/2 < ^""{A D E{b, g)), 

g)) < a{m)g"' = 2"'+^X, 

whenever 6 G U(a,r). Therefore one applies ETT] with ht = ^AnEib g) ^dJf™ to 
obtain 

^ ri5l]("*.C)2^"+^a(m)-i|Du|^^^(,^^) +2(™+i)/^Ai/«|/,,| 
for 6 G U(a,r). Using Holder's inequality, this yields 

for b G U(a,r). If g = 00, the conclusion is now evident. 

If (7 < 00, choosing a maximal set B (with respect to inclusion) such that 

B C U(a, r), {E{b, g/2) : 5 G 5} is disjointed, 
one notes for x G -B and Sx ^ B D {b: E{b, g) n E{x, g) ^ 0} 

U(a, r) C [j{E{b, g):beB}, card S*^ < 2'^""; 

in fact for the estimate one uses 15.21 to infer 

E{b, g) C E{x, 3g) whenever b £ Sx, 
(card^,)a(m)2-2™p™ < E,g5^^'"(i?(6, g/2)) 

< ^"'iE{x,3g)) < a(m)3"e™. 
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Therefore, as q > sup{s,^}, 



rj ' 



J2beBW\e:AnE(b.p) — iJ2beBW\l:AnE(b.p)) — (2''™''"' 



beSl"l5;AnB(b,e) - \Z^beB\'^\^;AnE{b,g)J - 

hence one obtains form the estimate of the preceding paragraph 

and the conclusion follows. □ 



5.4 Lemma. Suppose m,n,Q e m < n, q — 00 if m ~ I, 2 < q < 00 if 
m = 2, 2 < g < 2m/ {m - 2) if m > 2, a e R", < r < 00, / : U(a, r) 
Qq(R"^'") is Lipschitzian, < i] < 1/2, and A is an ^™ measurable subset 
o/U(a,r) wit/i ^™(U(a,r)- A) < ■qa.{m)r'^ , then 

where T is a positive, finite number depending only on n, Q, and q. 
Proof. L et P and ^ : Qq(R"-™) R^'^ with Lip^ < 00 be as in Almgren 



AlmOd . 1.2(3)]. Define u = ^ o /, ^ = 1/g + 1/m - 1/2 > 0, = 1 - 1/g > 1/2, 



C = 1 if m = 1 and C, — qm/{m + q) if m > 1, hence 1 < ^ < m and 
Qm/ {m — C) — (7 if TO > 1. From 15.31 applied with A, s and ^ replaced by 
r]a(m)r"^ , 2, and 1 one obtains 

where A = sup {I|5j(to, C)a(TO)^/^~^/^ 2-^"+2q;(to)1/'?-i}. Since 

£(Q|0]) = 0, 0<Lip^<cx), I is univalent, Lip|"^ < 00, 
{Up^)-'\uix)\<':^{f{x),QlOj)<Upr'\u{x)\ fora;eU(a,r), 
\Du{x)\ < Lip ^\Af{x)\ forxedmnDu 

by Almgren [AlmOOl . 1.1 (6), 1.2 (3), 1.4 (3)], the conclusion follows. □ 



5.5 Lemma. Suppose k,m,n G m < n, a d R™, < r < 00, and u 
U(a,r) R"~™ is of class k. 
Then 



El,r^D^u\<r{r'\D'u 



i=a' 1^ "loo;a,r - ^ V 1^ "-100:0,7- mi-a,rj 

where T is a positive, finite number depending only on k and n. 

Proof. Assuming r — 1, this is a consequence of Ehring's lemma, see e.g. 



Wlo87L Theorem 1.7.3], and Arzela's and Ascoli's theorem. □ 



5.6 Lemma. Suppose m,n € m < n, a € R™, < r < oo, and u £ 
Wi'2(U(a,r),R"-"). 

Then there exists h G R"-™ with 



where T is a positive, finite number depending only on n. 

Proof. This is Poincare's inequality, see e.g. [GTOlL (7.45)]. □ 
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6 Some estimates concerning linear second or- 
der elliptic systems 

The purpose of the present section is to gather some standard estimates precisely 
in the form needed in Section [T] Proofs are included for the convenience of the 
reader. 

6.1. The following situation will occur repeatedly: m, n G !P , m < n, < c < 
M < oo, and T £ Hom(R'", R"-™) with ||T|| < M is strongly elliptic with 
ellipticity bound c, i.e. T is an R valued bilinear form on Hom(R™,R"~™) 
with T(ct,t) < M\a\\T\ whenever cr, r e Hom(R™, R""™) and 

jTiDe{x),Dd{x)) ~c\De{x)\'^d^"'x > whenever d G ^(R™,R"-"). 

Following jFed69l . 5.2.11], one associates to any T e Honi(R", R""") a 
linear function S : ©^(R™, R""") ^ (©^ R'")®R"-™ R"-™ characterised 

by 

whenever ^,-0 G ©^R™, y,v £ R"~™; here G Hom(R™, R"""*) is given 
by {£,y){x) — £,{x)y for x e R'". Applying this construction with the area 
integrand to £)^^'q((t) for each a G Hom(R'", R"^™), one obtains a function 
C : Hom(R™, R"-") Hom ( ©^(R™, R"-"), R"-™) which satisfies 

j=i j=i k=i 1=1 

for (j) G ©^(R'", R"~'") where ei, . . . , and Xi,. . . , Xm are dual orthonormal 
bases of R™ and ©^ R™, and ui , . . . , Vn-m form an orthonormal base of R"^'". 
Hence whenever U is an open subset of R™, u G W^'^([/, R"~'") is Lipschitzian, 
V G W2'i({7,R"-™), a G Hom(R",R"-™), and 9 G f^([/,R"~™) one obtains 
by partial integration the formulae 

-/^( De{x),D^l{Du{x)) ) d^™x = /^6i(x) • (D2u(x), C(i:'M(x))) d^™x, 
i:»6'(a;) Dw(x), ) d^™x = /y6l(j:) • {T>^v{x), C{a)) dJf™a;, 

here denotes multiplication in ©^ Hom(R™, R""™), see |Fed69l 1.9.1]. 

6.2 Lemma. Suppose m, n, c, M, and T are as in \6.1[ a G R™, < r < cxd, 
?; G Wi-2(U(a,r),R"-™), T G ^'(U(a, r), R""™) with \T\_-^^^.^^^ < oo. 

Then there exists an ^™ \_XJ{a,r) almost unique u G W"'^'^(U(a, r), R""™) 
such that 

-luia.r) (^^(2^) D7.(x), T) d^^'x = T(0) /or G 9{V{a, r), R""'"), 
u-w G Wj'^(U(a,r),R"-'"). 
Moreover, for every affine function P : R™ ^ j^n-m 
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Proof. To prove existence, assume v = 0, let i? denote the extension of T to 
Wj'^(U(a, r), R"""*) by continuity and observe that one can take u to be a 
minimiser of 

i J^,. (Du{x) Bu{x), T) dif™x + R{u) 



in W^'^(U(a,r),R"-'") 

To prove the estimate, assuming P = by possibly replacing u, v, P by 
u — P, V — P, 0, one lets approximate u~v in Wj'^(U(a, r), R"~™) to obtain 

C|D(" - «)lL,. < - P)l2;a,.r + |rLi,2;a,,.)|D(^i - v)\,.^a,r- 

The uniqueness follows from the estimate. □ 

6.3 Remark. If T = then u is ^™LU(a,r) almost equal to an analytic T 
harmonic function by Fed69l 5.2.5,6]. 

6.4 Lemma. Suppose m, n, c, M , T, and S are as in \6.1l < a < 1, a G R™, 
< r < oo, u : U(a,r) ffn-m ^^^g^ 2, D^u locally satisfies a Holder 
condition with exponent a, f : U(a, r) — > R"~™, and S o D^u = /. 

Then 

^""P'^loo;a,./2 + haP'^^|B(a,r/2))<r(r-2— hi|,^„, + h„(/)) 
where T is a positive, finite number depending only on n, c, M , and a. 



Proof. Interpolating by use of Ehring's lemma, see e.g. jWloSTI . Theoreml.7.3], 
and Arzela's and Ascoli's theorem, it is enough to prove the assertion remaining 
when the term 'r^°'\P>^u\^.^ is omitted. 

Considering slightly smaller r, one may assume hQ,(£)^u) < 00. 

Applying [Fed69l 5.2.14] to the partial derivatives of u and using Ehring's 
lemma as above, one infers the existence of a positive, finite number A depending 
only on n, c, M, and ol such that 

h„(i:'^u|B(6, s)) < 2-'^^"h„(D2u|B(6,2s)) 

+ A(s-2— 1^.1,^,^2, + h„(/|B(6, 2s))) 

whenever h e R"^, < s < 00 and B(6, 2s) C U(a, r). 

Defining h : U(a, r) ^ R by h{x) = \ dist(x, R™ ^ U(a, r)) for x e U(a, r), 

/I = sup{/i(6)2+"+'"h„(i:)2u|B(6,/i(6))) e U(a,r)} 
and noting [i < r^+"+™hQ(£'^u) < 00, one estimates for b E U(a, r) 
h„(i:)2^|B(6,/i(6))) < 2-^-'''ha{D^u\B{b,2h{b))) 

+ A(Mfe)-'-— kli;„.,. + h„(/)), 
|/i(6)-/i(c)| < (Lip/i)|5-c| </i(6)/2, h{b)<2h{c) for c e B(&, 2/i(fe)), 
/i(6)2+"+"h„(i:)2^|B(fe, 2/1(6))) < 24+"+"V, 
/j(6)2+"+™h„(I?2y|B(6,/i(6))) < M/2 + A(|«|,^„,, + r2+"+™h„(/)), 

hence 

(r/4)2+"+"h„(i52^|B(a,r/2)) < 2^+> < 26+"A(|u|,.^^^ + r2+"+'"h„(/)) 
and the remaining assertion is evident. □ 
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6. 5 Rema rk. Sim ilar absorption procedures can be found for example in |Fed69l . 
5.2.14] or [GTOll . Theorem 9.11]. 

6.6 Lemma. Suppose m, n, c, M, and T are as in \6.1l 2 < p < oo, a G R"*, 
and < r < cxD. 

Then for every f G Lp(^''" l U(a, r), R""™) there exists an ^"LU(a,r) 
almost unique u e Wo^P(U(a,r),R"-™) such that 

-/u(a,r) (^^(^) di?"a: = {e, /)^_, for 9 e ^(U(a, r), R"-™). 

Moreover, u G W2'P(U(a, r), R"""') and 

where T is a positive, finite number depending only on n, c, M , and p. 

Proof. See (GiuOl p. 368-370]. □ 

6.7 Rem ark. Th e condition p > 2 can, of course, be replaced hy p > 1. For 
example (GiuOSl . Theorem 10.15] extends to this case via duality and the esti- 
mate of the second order derivatives can be carried out by using the method 
of difference quotients starting from a suitably localised version of the theorem 
cited. 

6.8 Lemma. Suppose m, n, c, M, and T are as in \6.1\ a G R"\ < r < oo, 
u e Wj^^(U(a,r),R"-"), T e ^'(U(a, r), R"-"), and 

-/u(a,r) iD0{x) Bu{x),T) d^"'x = T{e) for 9 e i^(U(a, r), R"-"). 

Then 

where T is a positive, finite number depending only on n, c, and M . 

Proof. Let p = 2m and q = p/{p — 1) and assume r = 1. 

Whenever 9 e ^(U(a, r), R"-™) one obtains 77 £ Wo'^(U(a, r), R"""*) from 
16.61 such that with Ai — I jg^ n, c, M, p) 

-/u(a,i) ® T) d^".; = (C, 9)^ , for C G ^(U(a, 1), R"-"), 



hence by [GTOll . Theorem 7.26 (ii)] 

where A2 is a positive, finite number depending only on n and p. Approximating 
and uhy ^(U(a, 1), R"-'") in Wo^^(U(a, 1), R"-") and by a sequence 
m e ^(U(a,r),R"~") such that 

n.-.7j inWi'P(U(a,l),R"-™) asi^oo, \Df^A, ^ \T)7^\„ 
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one obtains 

(^,«)a,l = -/u(a.l) ^D^(^) ^) 'i-^'"^ ^ |T^I-l,l;a,l|D^loo;a,l- 

Therefore (cp. [Fed69l . 2.4.16]) 

and one may take T ~ sup{a(i)^/?'Ai A2 :n > i £ □ 

6. 9 Remark. If m > 1 the estimate may be sharpened to 

sup {i^"(U(a, r)n{x: \u{x)\ > t})^-^^"" : < i < 00} < T\T\_, ^.^y, 

in fact one may foUow the same hne of arguments with the Lorentz space L„i.i 
replacing Lp. 



7 Estimates concerning the quadratic tilt-excess 

The estimates of the present section constitute the core of the proof of the 
pointwise regularity theorem, Theorem 18.31 in Section \8\ All constructions 
are based on the approximation by a Qq(R"~™) valued function of Section 21 
First, in|7.1l and rr^ some lower mass bounds are derived by a sim ple adaption of 
Sim83l . Theorem 17.7] and a straightforward use of Allard |A1172| . 6.4]. Then, in 



17.31 several auxiliary estimates concerning the approximation by a Qq(R""™) 
valued function in 14.81 are carried out. In 17.41 the main elliptic estimates are 
established, see below for a more detailed description. Finally, a reformulation 
of a special case of l7. 41 (^1) replacing any reference to the specific approximating 
functions used there by quantitie s more tightly connected to the varifold is 
provided in 17.51 for use in [MenOQci . 

Next, an overview of the constructions in 17.41 is given. One considers cylin- 
ders centred at a fixed point a G R" with projection c G R™. For any radius g 
functions Ug solving a Dirichlet problem in U(c, g) for a suitable linear elliptic 
system with constant coefficients with the "average" g of the approximating 
Qq(R"~'") valued function / as boundary values are defined. It is readily seen 
in l7.4l (p)) that (j>i{g) = \D^u\^^.^ ^^^j the leading quantity in the iteration, is con- 
trolled by the tilt-excess of the varifold and mean curvature. More importantly, 
an estimate of \u — g\i.^ ^ mainly in terms of mean curvature is established in 
EH© by use of 16.81 Using this estimate, the iteration inequality for (t>i fol- 
lows in I7.4I ((8|). In order to derive an iteration inequality for the tilt-excess of 
the varifold, i.e. controlling the tilt-excess basically by (pi and mean curva- 
ture, the estimate I7.4I ([5)) is established. It asserts that \f {+){—P)\i.x with 
P : R'" R"~™ an afhne function and X a large (with respect to .if™) subset 
of U(c, p/2) together with mean curvature essentially controls the tilt-excess. 
Here the coercive estimates of Section[31 the interpolation pro cedure of Section[5] 



and the adaptions of the Sobolev Poincare type estimates of [Men09bl | in l4.8l ([5)) 
are used. Assuming that / agrees with its "average" g on a large set, for exam- 
ple because the density of the varifold is at least Q on a large set, the iteration 
inequality for the tilt-excess is then primarily a consequence of Taylor's expan- 
sion, see I7.4lp^ . Finally, both iteration inequalities are iterated in l7.4ipip as 
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long as the afore-mentioned density condition is satisfied on the scales involved. 
As all the preceding estimates only hold under various side conditions which 
have to be checked at each iteration step and the interdependence of the various 
constants occurring is not entirely straightforward, the iteration procedure is 
presented in some detail to ease verification. 

Finally, it should be mentioned that the current iteration procedure has to 
be carried out within a fixed coordinate systems as differences of functions cor- 
responding to different iteration steps have to be computed, see the Introduction 
and I7.4I ([5|). Though this fact does not pose a serious difficulty it nevertheless 
contributes significantly to the level of technicality, see for example the definition 
of J4 and l7.3l ([5|l. However, regarding a possible application of the techniques of 
the present paper in partial regularity problems for systems of elliptic equations, 
this difficulty as well as several other technicalities would not be present. 

7.1 Lemma. Suppose m,n G 3^, m < n, a € R", < r < 00, V G 
V„i(U(a, r)), a G spt \\V\\, 1 < p < 00, < a < 1, < A/ < cx), and 

\\SV\\ B(a, g) < M||y||(B(a, p))i-i/PgWP+a- 1^-" forO<g<r. 
Then 

{g-"W\\ U(a, g)Y^'' + Mp-^a~^g'^r~" 

is monotone increasing in g for < g < r. In particular, < 0™(||y||, a) < 00. 

Proof. Suppose < A < 1 and e ^?"(R) with 0' < and (/)(t) = 1 for 
-00 < t < X and = for 1 < i < 00 and / :Rn{g:0<e<r}-^Ris 
define d by f (p) — g^"'' J 4>{g~^\z — a\)d\\V\\z for < p < r. Then one obtains 
as in |Sim83l . Theorem 17.7] that 

f'{g) > g-"^-\5V),{(^{g-'\z - a\){z - a)) 

> -A/(^?-"||F||U(z,g))l-l/p^?"-V-" > -A/(A-™/(A-V))^~^^^^?""V"" 

for < g < Ar, hence multiplying hy p^^ f{gY^P^^ and integrating yields 

/(i)i/p _ /(s)i/p > ~Mp-\-'^f^{X-"^f{g/X)/f{g)y-'/Pg'^-'d^'g 

for < s < < < Ar. Thus, approximating the characteristic function of R n 
{t : t < 1} by such <j) and letting A tend to 1 implies the conclusion. □ 

7.2 Lemma. Suppose n,Q G 0<q;<1, 1 < p < 00, and < i5 < 1. 

Then there exists a positive, finite number e with the following property. 
//n > m G ^, a e R", < r < 00, [/ = U(a, r) n {z:\T^^{z - a)\ < Sr}, 
V G TV„iiU), "ijj is related to V and p as in lS.Sl T G G{n,ni), 

©™(||F||, a) > g - 1 + <5, /l^^ - T^l dF(z, S) < er^, 
Q^-^lv^i^U n B(a, g)fl'P < e{g/r)°' whenever 0<g<r, 

then 

\\V\\iU) > (g-(5)a(m)r™. 
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Proof. If the lemma were false for some n, Q, a, p, and 5, there would exist a 
sequence Si with J, as i ^ oo and sequences m^, a^, r^, Ui, Vi, 'ipi, and Ti 
showing that e = Si does not have the asserted property. 
One could assume for some m G 3^, a G R", T G G{n, m) 

rui = m, fli = a, = 1, = T 

whenever z G Abbreviating U — U(a, 1) n {z : — a)| < one would 

deduce for large i 

\\Vi\\{UnlJ{a,g)) > {Q -l+S/2)a{m)g"' whenever < g<5 

from 17.11 in conjunction with Holder's inequality. Clearly, also 

\\Vi\\iU) < {Q - S)a{m) for i G ^. 

By Allard [A1172I . 6.4], possibly passing to a subsequence, there would exist 
V G IV,„(;7) such that SV ^ and 

Viif) V{f) as i ^ c» for / G Jt'^U x G(n,m)), 
S = T for y almost all (z, S) e U x G(n, m). 



hence, noting [Men09bl . 2.1], 

e™(||^^||,a) > Q, a{m)Q < \\V\\{U) < a(m)(Q - S), 

a contradiction. □ 

7.3 Lemma. Suppose the hypotheses of \4.8\ are satisfied with h — 3r, i.e. sup- 
pose m,n,Q G m < n, < L < oo, 1 < M < oo, and < Si < 1 for 
i G {1,2,3,4,5}, £ = srr^n,Q,L,M, Si, 62,63, 64,65), <r < 00, T ^ imp*, 



[/ = (R" X R"-'") n {{x, y) : dist((a;, y), C{T, 0, r, 3r)) < 2r}, 

V G IV„j(C/), \\6V\\ is a Radon measure, 

{Q-l + 6i)a{my < ||1/||(C(r, 0, r, 3r)) < (Q + 1 - 52)a(m)r™, 
\\V\\ (C(T, 0, r, 3r + 64r) - C(r, 0, r, 3r - 2547-)) < (1 - 63)a{m)r"\ 
\\V\\{U) < Ma{my, 

0<6 <e, B denotes the set of all z G C{T,0,r,3r) with &*"'(\\V\\,z) > such 
that 

either \\6V\\B{z, g) > 6 \\V\\{B{z, g))^-'^/"' for some < g < 2r, 
lBi..,a)xGM\S^-m<^Vi^:S)>6\\V\\B{z,g) for some < g < 2r, 

A = C(T, 0, r, 3r) - B, A{x) = An{z: p(z) = x} for x G R", Xi is the set of 
all a; G R™ n B(0, r) such that 

E.eA(.)0'"(II^IU) = Q 0'"(||F||,z)G^U{O}/orzGA(x), 

and f : Xi Qq(R"^™) is characterised by the requirement 

0"(||\/||,z) 0O(||/(a;)||,q(z)) whenever x^Xi andz^A{x). 

Suppose additionally: 
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(1) Suppose L < Si/ 8, S < m{{l,{2j{m))-^}, a G Int C(T, 0, r, 3r), c = p(a), 
and < K < oo. 

(2) Suppose F : R" ^ Qq(R"-"') with F\Xi = f and UpF < T^Upf 
whe re Tj^ is a positive, finite number depending only on n — m and Q, 
see ^AlrnOd . Theorem 1.3 (2)]. Moreover, let g — rig o F. 

(3) Suppose either p — m — 1 or I < p < m and p, ip are related to V as in 

(4) Define J — {g:0 < g < oo} and (j)2 '■ J x G(n,m) R and <j)^ : J ^ R. 
(pi : J ^ H by 

hig) = g'-^'^^m n C(T, a, g, 5ig)f'P 

(f)^{g) = ^-™p/("-p)03(g,)™p/(™-p) ifm > 1, 

(j)4:{g)=0 j/m = l, 

whenever g E J , R E G(n,m)|f| 

(5) For < g < oo suppose Tg £ G(n, m) is defined such that 

02 (f?, Tg) < 4>2{g, R) whenever R £ Gin, m). 

(6) Define 

Jo^ Jn{g:0< g<r- |p(a)|, |q(a)| + S^g < 3r}, 
Ji^ Jn{g:p[Tg]=R^} 

J2^Jn{g: \\5V\\ {U n C(T, a, g, S^g)) < ng"'-^}, 

JS = J ^ {9- I(UnCiT,a,g,S,e))xGin,m)\Sii ^ m^^i^' ^ 

Ji^ Jr\{g:g + t/S^ E J2 n J3 for < t < 2r}, 

J5^ Jon{g:\\V\\{CiT,a,g,6ig/4))>aim)iQ-l/4)g"'}. 

and Tg = agE Honi(R™, R"-") for g E Ji. 

(7) Define Ba,g, and Ca.g for g E Jo as in \4.8\ ^, i.e. 

Ba.g = C(T, a, g, S^g) Ci B, Ca,g = B(p(a), g) ^{Xi ^ p[Ba.J), 

and H as mj^TS]®, i-e. H denotes the set of all z E C(T, 0, r, 3r) such 
that 

\\bV\\\5{z,1r)<e\\V\\{\5{z,1r)f-^l^, 
/u(..2.)xG(„.™)l^h - n^Vkz, S) < e \\V\\ U(z, 2r), 
\\VWB{z,g)>55a.{m)g^ for0<g<2r. 

Then the following six conclusions hold: 

^The symbol 0i will denote the leading iteration quantity introduced in l7.4l ll3t. 
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(8) There exists a positive finite number depending only on m, 5^, and S 
with the following property. 

If R ^ G{n,m), |i?ti ~ < 6/2, g & Jq H J4, k < ejgj, then 

^?""nl(Sa,,) < 2'"/3(n) {AS-^M'^Q.Rf + M^q)) ■ 
Moreover, 4(5^^(/)2(2p, i?)^ may be replaced by S^^k. 

(9) There exists a positive, finite number e|gj depending only on m, 64, 65, 
and e with the following property. 

If 8r/Si G J2 n J3 and k, < s^, then H is the set of all z G C(r, 0, r, 3r) 
such that 

||F|| B(z, t) > 6zcy.{m)t'^ whenever <t <2r. 

(10) If < a < 1 and < Sq < 1 then there exists a positive, finite number 
ejYol depending only on n, Q, 64, p, a, and Sq with the following property. 

If&*"'i\\V\\,a) >Q-1 + Se, geJoHJs, K< e^, and 
Mt) < sm forO<t<g, 

then g G J5. 

(11) There exists a positive, finite number depending only on n, 5^, and 6 
with the following three properties. 

(a) If g e JqCi J4, K < ejTTJ. and M'^q) < 2-"/3(n)-ia(m)(l/8), then 

\\V\\{C{T,a,g,dig)) < {Q + 1/2) a{m)g"\ 

(b) If, additionally to the conditions of (jllap . g E J^, then 

graphQ/|B(c, g) C C{T,a, g,64g/2). 

(c) If, additionally to the conditions of (jllap and (lllb[) . < A < cxd, 

^ < 2-™/3(n)-ia(™)A(2r|2^(Q,m))-i<5, 
M'^g) < 2-"'/3{n)-'a{m)X{2^j^{Q,m))-\ 

then 

■^"^Ca.e) < Xa{m)g"'. 

(12) If g e J^n J5, K < inl{e^{m,S4,,S),e^{n,S4,S)}, and 

a e Hom(R"\ R""™), ||ct|| < n-^^^S/2, a = Re G{n, m), 

then 

^'"'"/u(c,,)l^^(^) (+)(-^)pdif™x < r^{M2g,Rf + M2Q)) 

where T^i2^ is a positive, finite number depending only on n, Q, and S. 
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(13) If g e JoCiJi, g/8 < s <t < g, < X <1, and 

hsW < n-'/y^, M0,T,) < Ai/22-2™-3a(TO)i/2^ 
\\V\\{C{T,a,s,dis)) > Aa(m)s™, 

then t G Ji and 

Proof of dHl). Let 

£j8j = inf {(l/2)(47(m)m)i-'"(54)'"-'^, {4j{m)m)-"'iSird} . 
Define the sets B'^ ^ and i?" ^ by 

Big = Ba,g n {z ; ||(5t/|| B(z, t) > S ||V^||(B(z, for some < i < 2r}, 

and D to be the set of all z e spt ||V^|| such that 

,. ||<SV||B(j,l) 
'■Sr ilHI(B(M))-/- "°' 

Note IIV^IKD) = by |Fed69l . 2.9.5]. 

First, the following assertion will be shown. If m — \ then ^ ^ 13 and 
if m > I then for z £ B'^ D there exists < t < S^g such that 

\\V\\B{z,t) < (5-'"P/("-P)i/;(B(z,i))"/(™-P). 

For this purpose assume z £ B'^ D and define 

t = inf {s : \\6V\\ B(z, s) > S |lT^||(B(z, s))^~^^"'}. 

One infers < < < 2r and 

\\5V\\ B{z, t) > S \\V\\ (B(z, > (<5/Ai)i"-i 

by |Men09aL 2.5] where Ai = (27(m)m)""i since S < {2j{m)y^. Noting 

g + t/S4 £ J-i, B(z,t) C U C^C[T,a,g + t/5i,5i[g + t/5i)), 

one obtains 

(,5/Ai)t"-i < K{g + t/54)'""\ m > 1, 
i < (e + t/54)(KAi/,5)i/('"-i' < (e + t/5i)5i/2, t < Sig. 

The assertion now follows from the definition of t in conjunction with Holder's 
inequality. 

The preceding assertion yields 

\\V\\{B',J=0 ifm=l, 

II^IK^l.e) ^ '5-"P/('"-P)/3(n)V'(C/nC(r,a,2g,2<54e))'"^^"~P^ if m > 1; 
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in fact if m > 1 there exist countable disjointed families Fi, . . . , ^)3(n) of closed 
balls such that 

\\V\\{S) < A2V(5)™/("-f\ S cUnC{T,a,2g,2SAg) 
whenever S G [j{E, : i = 1, . . . , /3(n)} where A2 = hence 

Next, it will be shown that for z G -B" g there exists < t < S^g such that 
\\V\\ B(z, t) < 4<5-V3(^_,),^(„ - P S\ 
\\V\\ B(z, t) < <5-7B(.,t)xG(„.„)l^^ - 'l^^"' 

In fact, one can tak e any < t < 2r satisfying the last inequality since this 
firstly imphes, using [Men09a, 2.5], S < (27(771))"^ and g + t/S^ € J3, 

(27(7n)7n)-'"i" < \\V\\Biz,t)<6-'J^^^^^^^^^^^^^\S^-mdV{z,S) 

^ IiUnC{T^a^g+t/S,Mie+t/S,)))xGin.n)\S^ ~ m'^^i^^ ^ / S) {g + t / 64)"" , 

t < (27(777)777) (K/(5)i/™(g + t/64) <{g + t/5i)5i/2, t < 54g, 
and secondly, using \R\^ ~ ^ S/2 and Holder's inequality, 

B(z, t) < 25-73(,,),e(„^„) I d^(^' S), 

B(., t) < 4rV3(^,),^(„ 1^^ - \' dv{^^ s). 

Since 2g G J3 and 

B(z, t) C [/ n C(r, a, 2£), 254^) whenever z G B^' g, < t < 54ei, 
the assertion implies 

\\V\\{b:J < 4<5-2/3(n)/(^^c(T,a,2,.2^.,))xGK™)l^h "^tPdl^(^,^), 
\\V\\{Blg)<l3in)S-'Ki2gr. 

and the conclusion follows. □ 

Proof of (O . Defining 

- einf{4i-™(<54)™"i((55a(7n))i-i/™,4-'"(54)'"^5a(m)}, 

one estimates for z G C(r, 0, r, 3r) 

||(5V^||U(z,2r) < ||(5F||(t/nC(T,a,4r,8r)) 

< K{8r/Sir-^ < £(55a(TO)(2r)'")'~'^", 

,2r) X G(n,m) 

15^ -r^|dF(z,S') < /(c;nc(T ,a,4r,8r')) xG(n,m) 

|5t-T^|dT/(z,^) 
< K(8r/54)'" < £(55a(?77)(2r)" 
and the conclusion follows. □ 
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Proof of PU)) . Defining e^Q^ = ((54)"£ [y^ rt, Q, a,p, infjjg, (^4/4}) and noting 
^(B(a, i) n {z : dist(z - a,T) < dig/Aj^/P < i/^(C(T, a, t, 64 inf{t/<54, £'/4}))^/p 

^ ^, \m/p+a-l_ — a ^ , /r \-m/p.m/p+Q — 1 — q 



for < t < the assertion follows from 17.21 with 8, r replaced by infjfjg, <^4/4}, 

Q. □ 

Proof of pip . Define ejuj to be the infimum of all numbers 

inf {2-"/3(n)-ia(z)(l/8)(5, 2-3n-ia(z), (z, ,54, 5)} 

corresponding to n > i G 

If the conclusion of (jllb[) were not true, one would infer 

spt/(x)^B(q(a),J4e/4) ^0, 

Ei;eB(q(a),<54e/4)nspt/(a;)®°(ll/(^)ll'2/) < Q ~ 1 

whenever .t e dmn/|B(c, g) by ((T]) and[48](l4]) and therefore by[48](Il|) ^ and 
[Fedea . 3.2.22 (3)] one would obtain 



hence by Men09bl . 2.16] and ([8]) with R replaced by T, noting g E J4 C J3, 

\\V\\{C{T,a,g,54g/A))-{Q~lMm)g"' 

< ||F||(i?,,,) + 2™^(^_^_^_,^^/4)|5^-rs|dF(z,^)<(l/2)a(m)^,- 

in contradiction to g G J5. 
Using similarly 

EyeAi.)®" i\\Vl {x,y)) <Q for x £ Xi U X2, 

one obtains Ijllap . 

To prove (|llcp . one estimates with I4.8| ([71) and ^ with R replaced by T 

■^^{Ca,a) < ^mniQ^^WUBq.,) < \a{m)g^. □ 

Proof of ((12). Denote by X{ the set of all x e Xi such thatg^l© is true for 
X and note .if'"(Xi ~ X{) = 0. Since 

|apA^^(x) {+){-<j)\ < (1 + Lip ^^)(gm) < (l + rj2j(n-m,Q))(Qm)i/2 

for X £ dmnapAi^, one may assume 

04(2e) < 2~"/3(n)-ia(m)(l/8). 

Next, it will shown with G = graphg / 

B(c, g)nX[n {x : | ap A/(.t) > 7} 

C p[C(T, a, g, dig) nGn{z:\ Tan"(||y 1|, z)^ - > 2-\Qm)-^^^j}] 
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whenever < 7 < oo. In fact, if a; is a member of the first set there exist 
y e spt f{x) and r e Hom(R™, R"-") such that 

T^Tan"\\\V\\,{x,y)), \t - a\ > Q-^/'j, 

hence, noting \\a\\ < 1 and || Tan'"(||Fl|, (x, y))^ -T^|| < ||t|| <L<1/2 bvlXTl 

|la-r|| <2||Tan'"(||F||,(a;,y))^-i?^|| 

by 13.11 and the inclusion foUows, since {x,y) e C{T,a,g,S4,g) by (fUbl) . There- 
fore, since 0™(||F||,z) > 1 for z e G, 

l|V^||(C(r, a, (54^.) n {z : I Tan™(||F||, z)t - > 2-i(gm)-i/27}) 

> J^"(C(r, a, e, (54f)) n G n {z : I Tan™(||F||, z)^ - i?^! > 2-i(gm)-i/27}) 

> ^'"(B(c, n Xi n {a; : I ap (+)(-r7)| > 7}) 

and one obtains 

^'""/u(c,,)nxJap^/(2:) (+)(-a)pdif™ < 2™+2Q^02(2e,i?)^ 
RecaUing the first paragraph of the proof, and noting 

\Rii - m < - r^ll < n'/^M < S/2 

bv l3.1l and U(c, g) ^ Xi C Ca.g, the conclusion follows combining (jllb[) . ([5]) and 
01(171). □ 

Proof of (fT3|) . Using Holder's inequality, one obtains 

- < ||V^||(C(r, a, s, Sis))-'^^t"^^^Mt, Tt) + g'^/'MQ, T,)) 

since t'^/^Mt^Tt) < g"''^(t)2{g,Tg). Noting byO 

\{Tt)^-n < m\-{T,\\ + \{T,\-m 

< X-'/''2'"'+'cx{m)-'/'MQ,T,)+n'^'\\a,\\ < 1/2, 
ll(Tt)^ -TJ < 1/2, Ttnkerp-{0}, i G Ji, 

one applies ISTTl with S, Si, S2 replaced by T, T, Tt to infer 

lk*f <(i + lk,f)|im)^-r^f, 

ii^tf < -T^iiva - m\-m\') < 2\m\~T^r < 1/2, 

Now. [OI with S, Si, S2 replaced by T, Tt, Tg implies 

\\at-cTg\\<2\{Tt\-{Tg\\. □ 

7.4 Lemma. Suppose m, n, Q, L, M, 5i, 82, 5^, 5a, 65, e, r, T, U, V, S, Xi, 
f, a, c, K, F, p, ip, J, 02, 4>3, 4>A, Tg, Jo, Ji, J2, J3, Ja, Jb, and Ug are as in 
\7.3\ Suppose additionally: 

(1) Suppose and C are as in \6.1\ 
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(2) Whenever g ^ Ji suppose Ug denotes the unique analytic function in 
Wi'2(U(c,e),R"-™) such that 

{D^Ug{x),C{ag))^Q forx^^J{c,Q), 

Wj'2(U(c, e),R"-™), 

gee [040 and \Fed6± 5.1.2, 10]. 

(3) Define the function (f)i : Ji —i- H by (f>i{g) = l-D^Wgl^^.^ for g € J: 



(4) Suppose < r < 1 and t — I if m — 1, p/2 < r < „^™^ n if m = 2 and 



eloo;c,e/2 J"" f --i- 

mp 
2(m-p) 



T = „.™^ N if m> 2. 
T/ien f/ie following seven conclusions hold: 

(5) There exists a positive, finite number depending only on n such that 

D^'^Q{a) is strongly elliptic with ellipticity bound (rjgj)^^, 
\\D^^Ua)\\<r^ 
whenever a e Hom(R'", R"^™) with \\a\\ < 1. 

(6) IfgeJ^n J5, 2g e Jo n Ji, Wa^gW < n-1/2 M{S/2, 1/4}, and 

</'2(2g,r2,) <2-2"-4a(„l)l/2, 

^ ^"^^{fn^ ("^' '^4, s),fn^ jn, Si, s)}, 

then 

where is a positive, finite number depending only on n, Q, and S. 

(7) IfgeJiDJ^n .h, \\ag\\ <l,2ge Ji, \\a2s\\ < n-^/^6/2, 

^ ^ inf {fj^^ (m, Si, 6), i^J^^ [n, 6^,6)}, 
M'^q) < 2-"/3(n)-ia(m)(l/8), 

then 

g~"'-'\ug ~ g\,.^^^^ <T^{M2g,T2ef + W^q)) 

where is a positive, finite number depending only on m, n, Q, 64, S, 
and p. 

(8) There exists a positive, finite number depending only on n, 5i, and 5 
with the following property. 

If g e J, 2g & JoH Ji, \\a2e\\ < n-^^^6/A, k < e^, and for s £ {g/4:,g} 
seJiH J5, 04(2s) < 2-"/3(n)-ia(m)(l/8), 

then 

Mq/"^) < MQ)+'^m{M0)M0,Tg) + g-\4>2{2g,T2ef + 4>^{2g))) 

where Fjgj is a positive, finite number depending only on m, n, Q, 84, 5 
and p. 



44 



(9) There exists a positive, finite number depending only on m, n, Q, bi, 
e, 5, and p with the following property. 

If Si ^ 1, 65 ^ (40)-"'(7(m)m)-'"/a(TO), < 77 < 2-'"\ P : R™ 
R"-™ is affine, Up P < R = imL>(p* + q* o P)(0), g J , X 

is an Jff"^ measurable subset o/U(c, g/2) fl Xi, 

fi = 1/2 i/m = 1, fl = 1/m if m > 1, 
e/2GJ4nJ5, SreJanJs, geJi, ||f7,|| < 

03(f?)<eu, ^"'{U{c,g/2)^X)<ffa{m){g/2r, 

then for < X < 1 

Mq/^. R) < ((A + Mq, t,)^^"')M0, t,) + (A + ?7^)02(e, R) 

+ rr'g-"'-'\f {+){-P)\ux + ^-^MqY) 

where is a positive, finite number depending only on m, n, Q, 5, p, 
and T. 

(10) There exists a positive, finite number depending only onm, n, Q, 62, 
e, 6, and p with the following property. 

If Si = 1, (55 = (40)-™(7(m)m)-"7a(m), < 77 < 2-"\ ge J, 
II — 1/2 if 771 = 1, fl = 1/m if m > 1, 

{(?/2, c J4 n J5, 2geJonJi, \\cj2g\\ < 77-^/'^S/A, 

SreJaflJa, K<e^, (l)3{2g) < e^, 
if'"(U(c, g/2) ^{x : &"{\\f{x)\\,g{x)) = Q}) < 7fa{7n){g/2r , 

then for < X < 1 

02(e/4, T,/4) < rjToj ((A + + v-'M^Q, T2,)'"f^l'2/™>)02(2^^, t^,) 

+ v''gM0) + iv'' + ^'lM2gr) 

where T^iq^ is a positive, finite number depending only on m, 77, Q, S, p, 
and T. 

(11) Let Si ^ 1, S^ ^ (40)-™(7('Ti)"i)""7"("^); ^ = inf {1, e, (27(m))-i}, 
< a < 1, and Q < Sq <1. 

Then there positive, finite numbers ji for i £ {1, 2, 3} and a positive, finite 
number s^j^ both depending only on m, n, Q, L, M , Si, 82, 5^, p, t, a, 
and with the following property. 

If a e C(r,0,r/2,2r), 0*"(||y||,a) > Q - 1 + (Jg, < t < ^, < 7 < 1, 

'/>2(8r', T) < £{11}, (l)2{8r,Tsr) < e^-y, 
\\V\\iC{T, a, g, g)n{z: 0"(||F||, z) < Q - 1}) < e^a{7n)Q^ 

whenever t < g < r/8, and 

4>3{qY ^ 773(^?/^)"^ whenever Q < g < 8r, 
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then, in case ar < 1, 

geJi and g(t>i{g) < JJi{g/r}"'' fort<g<r/A, 
MQ,T,)<j^2{g/rr^ fort<g<r 

and, in case ar = I, 

geJi and gcfiiig) < ^^i{g/r){l + \og{r/ g)) fort<g<r/4, 
Mq,T,) < Jj2{g/r){l + \og{r/g)) fort<g<r. 

Proof of dSl). This follows from |Fed69l . 5.1.2, 10]. □ 
Proof of Note bv l7.3lp^ applied with g, s, t, X replaced by 2g, g, g, 1/2 

Ji, < |k2e|i+22™+3a(m)-i/2c/.2(2g,r2,)<l. 

Since Ug ~ (72g is -D^^o(a-g) harmonic, applying |Fed69l . 5.2.5] yields, noting (O, 

l^'^.loo;c,,/2 < Ai^^-l—Z^PK - a2g)\2,^ ^ 

where Ai = 2"+'''n"+^r^{n)" sup{a{i)-^/'^ -.n > i e ^}. Using O one 
obtains 

\D{ug - a2g)\2,c,g < \D{ug - .g)|2.^ „ + \D{g - <J2s)\2,,,g < A2\D{g ~ cj2g)\2,,,g 

where A2 = 1 + T^{n)^. Taking = ^i^al lT^lfTa Q, SY^^, the conclu- 
sion now follows from l7.3lp^ with cr replaced by a2g- □ 

Proof of d?!). Suppose B, and i?a,t, Ca,t for t £ Jq are as in 17.31 Define S,R e 
^'(U(c,ei),R"-") by 

^(^) = -Iuic^e){DO{x) Dg{x), D^^fUag) ) d^™x 
whenever 9 € &{\5{c, gi),R"^™). Since Ug is D'^'^\{ag) harmonic, 

by 16.81 and ^ where Ai = I jg^ n, rjg} Fjg} (ti)). One computes for a: £ 

dmn Dg 

D-^l{Dg{x)) ~ D^liag) - {Dg{x) - cjg) ^ D^liag) 
= {Dg{x) - ag) ^ J^D'^l{tDg{x) + (1 - t)<7g) - D^^l{ag) dJ^H, 



\\DHl{tDg{x) + {l-t)ag)-DHl{a, 



< Lipp^*^ |B(0, 7)) t\Dg{x) ~ag\ for < t < 1 
where 7 ~ m^/^ sup{l, T^(n — m, Q)}, hence, since 
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for e e ^(U(c, g), R"-™) and G j D2*§ (a,)}, 

where A2 is a positive, finite number depending only on n and Q. Therefore by 
I7.3lp^ with a replaced by (T2g 

Q-'"\S - i?Li,i;,,, < A3(02(2e,T2,)2 + 04(2e)) (II) 

where A3 = A2l ^f:^^ {n,Q,S). 

Let e e ^(U(c,e),R"-™) with \De\^.^^ < 1 and e ^0(R"-") with 

spt77 C U(q(a),<54^^), B(q(a),(54f^/2) C Int(R"-™ n {y:T]{y) = 1}), 
0<r;(y)<l, \Dfj{y)\<4{d4)-^g-^ for y £ R"-'". 

From with t replaced by 0-2^ one infers with Da^g = C{T,a, g,64g) fl 

p-^[CaJ, notingOCIB and \9\^.^^^ < g, 

\QS{e) + {SV){{v oq) ■ {q* o 9 op))\ 

< A4(^'"(a,,) + J^^.JAFix) (+)(-a2,)P dif".T + \\V\\{Da,g)) 

where A4 is a positive, finite number depending only on n, Q, and 64. Bv l4.8l ([7)). 
noting rrsllj 11 bp . and l7.3l(fT2)) with cr replaced by a2g 

g-"^\QSie) + iSVmoq).{q*o0op))\ 
< A4lto7i (Q, m)g-™||y||(i?„.,) + A4l|7:^(n, Q, <5)(02(2^^, r2,)2 + ^4(2^)) 

Therefore one obtains in view ofO®, since |(Tg)t, -T^] < n^/^\\{T2g\~m\ < 
n^/^\\a2g\\<S/2 byO 

^>-™|g5(0) + {6V)iiv o q) . (q* o o p))| < A5(02(2^.,T2,)2 + </)4(2e)) (III) 

where A5 is a positive, finite number depending only on n, Q, ^4, and 6. Also, 
using [7751 p lap and Holder's inequality, recalling 16*102.^, ^ < 

e"'"|(<5F)((77 o q) . (q* o o p))| < (a(m)(g + 1/2))'-'/pU9)- (IV) 
Finally, noting 

03(2g) = (5<?!)4(2(?)'^ < (5(2-'"^(7i)-iQ;(m)(l/8))'^ ifm>l, 
<^4(2e) < A6(/.3(2e) 

where Ag = (5^^(2^™/3(n)^^Q;(TO)(l/8)) '"^ , the conclusion may be obtained 
by combining dT]), jlll), ^1 and dTV]). □ 

Proof of ([8]). Define to be the infimum of all numbers 

{^liai '^4' 173tlj('^' <54, (5), 2-'^"~5^-2q,( ■)J2| 

corresponding to n > i G .f^. 
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Noting 

only |Z?^(ug/4 — UQ)\ryo-c e/8 useds to be estimated. Since < 2r as 2^3 e Jq and 
Q G Ji, one notes 

Therefore one may apply [731(IIS1) for each t e {gi/4, p/2, q\ with q, s, A replaced 
by 2g, gi/4, 1/2 to obtain {e/4, g/2, g} C Ji and 

sup{|k,/4||, \K/2l \W,\\} < M\ + 22™+^a(m)-i/202(2g,r2,) < n-'/^S/2. 
Computing for x G U(c, g/4) 

{D'^iUg - Ug/4){X), C{<Tg/4)) = {D^Ug(x), C {ff g / 4) - C {a g)) , 

one infers from 16.41 with c, M, T, a, a, r, and m replaced by rj5j(n)~^, rj5j(n) 
£)^^'| (0-^/4), 1/2, c, £i/4, and - 1*^/4 that 

-Ue/4)loo;c,e/8 

< Ai(e-2-™|y^ _ W(?/4li;c,e/4 + e'/'hi/2(Z?2u^|B(c, e/4))||(Tg/4 - <Jg\\) 

where Ai is a positive, finite number depending only on n. Since 

g^/^h,^2{D^Ug\B{c, g/i)) < A2MQ) 

by Fed69l . 5.2.5] and ([S]) for some positive, finite number A2 depending only on 
n, the conclusion now follows, noting [731 by applying ([7]) twice, once with 
g as given and once with g replaced by p/4. □ 

Proof of Define q = cx) if m — 1 and q = + i ^ p-'"^ if m > 1 and note 
2<q<ooifm — 2 and q = 2m /{m — 2) if m > 2 and 

l/p+l/q>l, T={2{l/p+l/q)-iy\ 

With 54 = 1 and S5 ^ (40)-"(7(m)m)-"Va(TO) define 

^1 = { fTSfel (™' '^4, '^), fr3fel C"^' '^4, (^5, e), £[731iiJ ^4, f^), 

2-'"/3(n)-ia(m)q^(m,(52,^4)(21fca7l(Q,m))'ij|, 
A2=inf {1,(27(1))-!}, 
A3 = inf {1, 2-™/3(n)-ia(m) inf{£gjg, (m, (^2, '54)(2I|i:^ (Q, m))-\ 1/8}}, 
£j9l - inf { Ai, 2-lm-l/^ A2, <5(A3)i/''-i/"}, A4 - sup{2™r|53](n, g, q), 1}, 
As - sup {2I^n, g, ^), 2™r|g;3](n, g, 2), l}, Ag - rjT^jj^jCn, g, d)'/^6-\ 
Ay = supjgi]^ (m), 1}, Ag = 2™+2r 2/3(n), 
Ag = 19/(21/2.40 + 19), Aio = r|3j3](TO,p,g) if m = 1, 

An = 2™ sup {2(Aio)i/2^ 2(16 + 4m)i/2|A9 - 1/41-1}, 
A12 = (4(A4 + A5)Ar{As)H-^ + l)An, r^g, = Ai2(2 + Ag). 
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It will be shown that ejgj and Fjgj have the asserted property. 
Suppose B, A, Ba^t, Ca,t, and H ior t £ Jq are as in l7.3l 
Since g/2 G Jo fl J4, it follows 

g/2 <2r, ge J3, T^) < Me, T) < {2m^/^K)^/^. 

One therefore obtains 

K<Ai, Mq,t,)<i, Mq)<^2, Mq)<^3- (I) 

Applying [531 with a, r, /, and A replaced by c, g/2, F {+){-P)\\J{c, g/2), 
and X, noting l¥751 (|H). '^^^ obtains 

<A4(e-™/^|A(F(+)(-P))|2^,,^/2+77i/''-V— 
Similarly, one obtains 

Applying l7.3l(fT2)l applied with g, a replaced by g/2, DP{0) yields, noting 
Mq) < 1 by (HI) and 1/2 > t{1/p - 1/m), 

g-^-/^\A{F{+){-P))\,.^^^^/,<Ae{M9,R) + M9y)- (IV) 
Define d : R" ^ R by 

d{z) ^ inf{(|p(z - 01' + |q(^ - 01')'/' : e e R", P(p(0) = q(0} 

whenever z £ R" and note, taking ^ = (p* + q* o P)(p(z)), 

d(z) < |P(p(z)) -q(z)| forzeR". 

Hence, defining cj^^gjgj and .(g^gjuj to be the functions defined in 14.81 (151) under 
the names "d" and "5" with 

g, P replaced by g/2, C(T, p*(c), g/2) n {z : P(p(z)) = q(z)}, 

one infers 

d|C(r,p*(c),g/2,3r)<4^, 

<Kmi^) < ^(/(^)- 01^(^)1) = ^((/ (+)(-P))(2:), QIO]) 

for x G Xi n B(c, p/2). Therefore 14. 8I ((8)) with P replaced as in the definition 
of tolia and (gJis} yields, noting 

^^(6(0, g/2)^Xi) < J^'"(a^g/2) <£Oi^("^^'^2,<^4)a(m)(g/2)"' 

byOdcl) with g replaced by g/2 and dJ), 

(||l^||Li7nC(T,p*(c),g/2,3r))(^)(d) 

<A7(|P(+)(-P)L^,,,/2 + -^"(B(c,g/2)~Xi)^/^+^/") 
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whenever 1 < s < oo. Using [?!51 ([7|) with g replaced by g/2 in conjunction with 
I7.3l(|llb|) with g replaced by g/2, one estimates 

^"\Bic,g/2)^X^)<^"\Ca^,;,)<I\^iQ,m)\\V\\iBa^,;,), 

hence bv l7.3l ([5|) with g and R replaced by g/2 and Tg, noting (|T| and \{Tg)if — 
m < n^^mTg\ -m\< n^^^agW < S/2 byO 

e-™^'"(B(c, g/2)^X,) < As{U9,Tgf + Mq))- (VI) 

In order to apply \JM first define K = C(T, p*(c), g, g) and iifc^to be the 
set defined in 13.91 under the name "iJ", i.e. the set of all z e spt ||y|| such that 

ll^ll B(z, t) > (40)-'"(7(m)m)-™t™ whenever < i < oo, B(z, t) C K. 

One infers that 

C(T,a,e,e)nspt||y|| Ci:^ ifm = I, 
I^nCiT,a,Agg,Agg) C i?; 

in fact the first inclusion follows by |Men09al 2.5] and whereas concerning 
the second inclusion ry < implies bv I7.3l(|llbp with g replaced by g/2 the 
existence of ^ G ^ n C{T,a, g/i, g/i) hence, verifying 1/4 < Ag < 1/2 and 
23/2A9/(l-A9) < i|, one obtains for z e C(T, a, Agg, Agg), (1-Ag)£> < t < 2r 

\^-z\< 2^/^AQg < 2^/^Agt/il - Ag) < ^t, B(z, <) D B{^, t/{20)), 
\\V\\B{z,t) > ||y||B(C,V(20)) > (40)-™(7(™)m)"™t™ - ^saM*™ 

by [MenflQal . 2.5] since 5 < {2j{m)) ^ and, noting (|T|, the inclusion follows from 
O® as B{z, (1 - Ag)g) c X. Choose e ^°([/) such that 

O<0(a;)<l and |i:)(/)(x)| < 2 • (Ag - 1/4)" ioixeU, 
(l){x) = 1 for X G C(r, a, e/4, e/4), 
spt (/) C C(r, a, Agg, Aggi) C A' n Int C(T, a, (?/2, g/2). 

One now applies 13.131 if m = 1 and 13.91 if m > 1 both with a and T replaced by 
(P* + q* o -P)(0) and im£>(p* + q* o P)(0) to obtain with am = if m = 1 and 
a„ = (gii-^/Pa)^ if TO > 1 



< Aio(a™ + (^,i-"/Pc,f,-i-™/9^)i/(i/p+i/9)) + (16 + 4TO)^.-'"f ; 



here a, /3, 7, and ^ are as in 13.91 and 13.131 respectively. Noting (am)^/^ < 
03 (f?)^ I since 03 (g) < 1 by (|T|, and using the inequality relating arithmetic and 
geometric means as in 13.101 one infers 

02(e/4,i?)< An(A^?-l-™/^(||y||Li/nC(T,p*(c),^./2,3r))(^)(d) 

+ ^-^UqV + Li/ n C(r,p*(c), g/2,3r))^,^{d)). ^" 

Finally, the estimates (|TH) - (jVIip are combined as follows: Firstly, 

02(e/4,i?) < AuX-^MqV 

+ AjAnXg-'-"^/^{\F (+)(-P)|,^,,,/2 + ^"(B(c, g/2) ^Xi)i/«+i/™) 
+ AjAng~'~"'/'{\F (+)(-P)l2;,,,/2 + ^"(B(c, g/2) ~ Xi)i/2+i/™) 
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by dVni) and ©. Then, by dm]), and ^ 

<^2(e/4,i?) < AnA-^03(£))" 

+ AjA,,{A, + A5)(A + r^ng-'^^'lMF {+)i-P))k,,,/2 
+ A7An(A4 + A,){r^'^^-' + v-')g-'-"V {+)i-P)\ux 
+ 2A7(A8)i/«+i/™AnA(02(f?,Tj2/'?+2/™ + Mq)^^"^^^'"") 
+ 2A7(A8)l/2+l/™An(^2(^?,T,)l+2/'"+04(^^)'/'+'/■'"). 

Finally, using M0,Tg) < 1 and 04(f?) < 1 by ©, (? > 2, and t < < 
(i + ^);^ if > 1 tliis simplifies to 

</.2(£>/4, R) < A12 (A->3(f)" + (A + T,)2/™)02(e, T,) 

+ (A + r;^)^>-™/2|A(F (+)(-P))|2;,,,/2 + V"™-'!/ 

and the conclusion is a consequence of (jIVp . □ 

Proo/ 0/ With (54 = 1 and 65 = (40)-"(7(m)m)-™/a(m) define 

^1 ^ ™f{ fr3ll8t ("^' '^4, '^); ff:3lmi ("-^ ^4, S), e^jm, n, Q, 62,6, d,p)}, 
A2 = 6(2m^^5,(n)^+la(TO)-l/^ A3 = A2{r^{nf + l), 
A4 = A3r|72](jg(n,Q,<5)V2, 
A5 = inf {2-2™-5a(m)n-i/2^, (A4)-^i-i/2j/4^ 
Ag = inf {l,2"™£j9j(TO,n,(3,(52,e,(5,p)}, 
A7 = M{{A^)-^n-^S^2-^, 2-™^(n)~ia(m)(l/8), 2-™}, 
ejTo} - inf {Ai, 2-im-i/2(A5)2, As, J(Av)i/f-V™}. 

Moreover, define 

^8 = rg(m,n, (3,(54,(5,p), Ag = r|5^n)a(rn)^/^, 
Aio - AgljT^tTi} -5)1/2, ^ 2"+ir|53](2, n), 

A12 - An sup{a(m), Ag + 2™Aio(5-"}, 
Ai3 = (g + l)i/'a(m)i/2Ai2ni/2 + 2", Am = Q^/^ sup{a(m), Ag}, 
rm = T^{m, n, g, <5,p, r)(2'"+i + 2A13 + Am). 

It will be shown that £jioj and T^iq^ have the asserted property. 
Since g Cz J4 and 2g Jq, it follows 

e<2r, 2^?eJ3, (/'2(2^?,T) < (2mi/2K)i/2. 

One therefore obtains 

K < Ai, 02(2£), T) < As, 03(2f?) < Ae, 04(2^^) < A7, 
geJi, \\a,\\<n-'/^6/2; 
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in fact the first four inequalities are directly implied by the definition oie^Q^ and 
the last two statements follow from l7.3l(f01) appHed with g, s, t, A replaced by 
2f?, 9, Q, 1/2 since 02(2g, T2e) < 2~^'"^^Q:(m)n~^/^(5 by the second inequality. 

Define P : R" ^ R"-" by P{x) = Ug{c) + {x - c,Dug{c)) for x £ R". 
One verifies 

LipP = \\DP{0)\\ < (II) 
in fact using [Fed69l . 5.2.5], USES] (US) with a replaced by 0, and dH) 

\\DP{Q)\\ = \\Du,{c)\\ < A^g-'^'lDu.l,.^^^^ 

<A,g-"'/'{\D{u,-g)\,.^^^^+\Dg\,.^J 

< A3g-"^/'\Dg\,.^^^ < A,{M2g,T) + M^g)'^') < n-'/'S/2. 

Taylor's expansion yields 

g-"^-' \u, - P\,.^^^/, < a{rn)g\D\,\^.^^^^/,. (Ill) 

Noting m, one obtains from ([7]) that 

p-"- V, - < As{M2q,T2,)' + U^qV)- (IV) 

By 15.61 with a, r, u replaced by c, g/2, (g — <Tg)|U(c, g/2) there exists an affine 
function i? : R" ^ R""™ with DR{0) = such that 

Q-'^-'\9-R\i.,c,a/2 < A9^?-"/'|i^(.9-i?)l2;c,,/2, 
hence bv l7.3l(fT^ with g, a replaced by g/2, ag, noting (|T|, 

g-"^-'\g - P|i^,,^/2 < A^o{MQ,Tg) + Mq)'^')- (V) 

Since by 15.51 with k, a, r, u replaced by 2, c, g/2, P ^ R 

\DP{Q) <jg\ = \D{P i?)(0)| < Ang-'-'lP Rl,,,,,^, 

< Ane-^-"(|P - ^eli;.,,/2 + I". - 5li;c,,/2 + Iff - R\uc.,/2)^ 

one obtains from (|TTT|-(|V|, noting sup{(l)2{2g,T2g),(j)3{2g),(j)4{g)} < 1 by (H]) 
and 1/2 > r(l/p- 1/m), 

\DP{0) - cTgl < A,2{gMQ) + M2g,T2e) + M^qY), 
hence using FTSllj flap and 13.11 

M0,S) < A,3{gMQ) + M'20,T2g) + W^qY) (VI) 

where S = imD{p* + q* o P)(0). 

Define X = U(c, g/2)r\Xi n {x:&"{\\f{x)\\,g{x)) = Q} and note 

Combining this with (jIII[) and (jIVp yields 

(+)(-^)li;x < ^i4{qMq) + M2Q,T2gY + U^qV)- 

Therefore noting ([I]), (|TT]) and l4.8l (fT|) and applying ^ with R replaced by S, 
one obtains in conjunction with (jVip the conclusion. □ 
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Proof of (dJ) . As the assertion does not involve k it may be restricted to a 
specific value. One defines 



Ai = snp{T^{m,n,Q,S4,S,p),r^o^{m,n,Q,S,p,T),l}, 
r;-inf{(48Ai)-",2-"}, 

£||8l('^,'^4,'^),2~"'~^^(n)~^Q(TO)??I j^^ (Q,TO)~\ 

eiIil(™,",Q,^2,e,<5,p)}, 
A2 = inf {1, 2-™/3(n)-ia(m) inf{r;(4Ifo^ (g, m))-\ 1/8}}, 

A3 = inf {2^^™ sup{(Q + l)a(m), 1}"^k, 1, (m, n, Q, (52, e, 

(A2)i/p-i/™5^2-^'" sup{Ma(m), !}-!«;}, 
A4 = inf {(A3/8)^, f7:^^ (n, Q, 64, p, a, Sef , 

{apoc{mf'^{{Q - 1 + 5^Y'P - (Q - 1 + 56/2)1/^))^}, 
As = inf {2-2™(Q + i)-i/2a(™)-i/2^^ 2-'"-2^(m)i/2}, 
Ae - |j/4^ 2-™-i sup{(g + l)a(m), ^-^Ag}, 

A7 = inf inf {5/2, 1/4}, A6/2}, 

A8 = l-4"^"i ifar<l, 
Ag = log 4 if ar = 1, 

Ag = inf {2-2™-4q,(^)1/2^ 2-2™-4a(m)i/2(l - 2-"^)A6, 2-'"-iA5, 1, 

(3Ai)-iA8, 5ig(Ai)-2^A8, (48Ai)-Vl, 
Aio = T^{n,Q,5), 

An = inf {<5-2~^(Aio)-\ ^A8(Ai)-i}, 
A = (48Ai)-\ 

A12 - (24Ai(77-i + A-^))"\ 

72 = (e/4)A9, 

71 =ry(24Ai)-i72, 

73 = inf{A4, A1171, A1272}, 

eHIJ = inf {2-«'"sup{Afa(m),l}-iK,2-6'"-4a(m)i/2, 

2-5'"-3^(m)i/2A7, 2-5™ As, 2-4"-^(Aio)-Si, 2-5™-6^2, ^2}; 

here e denotes Euler's number. It will be shown that 7; and ejuj have the 
asserted property. 

Suppose Ca,t for t G Jq is as in 17.31 

First, note that 

hioY <ll^{Q/rr' for0<i<8r (I) 
implies, noting 73 < A4, 

h{Q) < A3 and ^4(e) < A2 whenever < g < 8r. dH) 
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Next, some auxiliary assertions will be shown: 



Rn {e:0 < £» < r/2} C Jo, (II) 

Rn{e:^<f?<r}c Ji, (III) 

Rn{^^:^<^^<8r}c JsHJs, (IV) 

nn{g:^<g<4r}cJ4, (V) 

B.n{g:^<g<r/2}CJ5, (VI) 
\\V\\iC{T,a,g,g))>{Q-l + 5i/2)cx{m)g"' whenever < p < r/ 2, (VII) 

Ikell < Ay whenever ^ < g < (VIII) 



Proof of (in|. This follows from a £ C(T, 0, r/2, 2r). 

Proof of pvp . For ^ < g < 8r one computes, using Holder's inequality and 

||<5F||([/nC(T,a,g,g)) < \\V\\{Uy-'/PmnCiT,a,8r,8r)y^^ 

< sup{Ma(m), l}r™-'"/''(8r)'"/?'- V3(8r) 

< A3Sup{Ma(m),l}29"(|j)"-i < Kg"-!, 
W(T,a,,,,))xGK™)l^^ -r^ldn-'^) < \\V\\{Uy/'i8ry-^'MSr,T) 

< sup{Ma(m), l}28"ejTT}(^)'" < Kg"\ 

Proof of 13). This follows from (|TV|. 

Proof of dVH) . Let ^ < < r/2. One computes for < t < jj) and 

73 < A4, 

Mt) < (A4)i/^(t/r)" < s^^in,Q,S4,p,a,SG){t/gr. 
Therefore, noting ^ and jlVl, (|VT| is implied by OCHl)- 

Proof of (|VlI| . Applying O with r, M, g replaced by {A^Y^'^ , g in 
conjunction with Holder's inequality, noting jU and 73 < A4, yields 

{g-"^\\V\\{C{T,a,g,g))Y^'' > {{Q - 1 + SeMrn))^/'^ - {A,)^^^a-^p-^ 

Proof of pup and (|VIIII) . Let ^ < g < r. Using Holder's inequality and 
g/2 < inf{g, r/2} G J5 by (jVip . one estimates 

\\{T,\-m\ < \\V\\{U nC{T,a,g,g))-'/'g'-/\M9:T,) + Mq,T)) 

< a(m)-l/22™/2+3/2^2(^^y) < Q,(„i)-l/225™+2^2(8^^ J^) 

< a(m)-i/225'"+2£jTT} < 1/2, 
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hence Tg nkerp = {0} and g G Ji, i.e. ([TTT]). Now. [Q apphed with S, Si, S2 
replaced by T, T, Tg yields 

h£ <{i + \Wgr)\\{Tg\-n\^ 
< wiTs)^ - mwa - m\ - < 2\\{Tg\ r^f , 

\W,\\ < 2\\iTg\ - TJ < a(m)-i/225™+3^jTTJ < At- 

Having shown the auxiliary assertions ([n)) - (|VIIip . one chooses j G such 
that ^ < 4:H < and defines ti = 4^+^^*i whenever i^^,i<j + lm order 
to show inductively the following assertions whenever i € ^ , i < j + l: 

Rr]{g:U < g <r} C Ja (IX) 
Iin{g:U<g<r/2}ciJ5, (X) 
Unig-.U < g <r} C Ji, (XI) 
\\<Jg\\<Ae forU<g<r, (XII) 
Mq, T) < As for U<g<r, (XIII) 
(/)i(g) < 'fjig^^^^'^r^"'^ whenever ti < g < r/4, ar < 1, 
(f)i{g) < 77ir^"'^(l + log(r/£»)) whenever ti < g < r/4, ar ~ 1, 
4'2ig,Tg) < ^j2ig/r)°'^ whenever ti < g < r, ar < 1, 
4>2{Q^Tg) < 772(£i/r)(l + log{r/g)) whenever ti < g < r, ar ^ 1. 

One verifies that (jXVp , implies 

Mq, Tg) < Agig/r)"'^/^ whenever t,<g<r, (IXVt l 
Me, Tg) < Ag{l + log(r/e))-i whenever t^ < g < r, ar ^ 1; (|XV]') 

here and in the remaining proof references to equations involving the inductive 
parameter will be supplemented by the value of this parameter as index. 

Proof of (|TX|^, (|X}^ and dXTJ^. Since ti = AH > ^ the assertions follow 
from dVll. (Imll and dVIll. 



(XIV) 
(XV) 



Proof of jXlT)) ^. Since ti > ^ and A7 < Ae, this follows from (fVlIIl) . 

Proof of pQlI|) ^. For ti < g<r 

Mq,T) < 2'"'M»r,T) < 25™ejTT} < A5. 

Proof of paVl) ^. Let ^ < £1 < r/4 and note 

geJiHJs by (|V| and dVll, 2geJQnJi bv fllll and 
11^2,11 < inf{<5/2, 1/4} by 

M2g,T2g) < 2^^M8r,T) < 2*'^e^ < 2-^"'-^a{m)'^^ 

Therefore by using M^q) < 1 by (HH), 1/2 > t(1/j3 - l/rn), HI and 73 < 
A1171, 

qMq) < Alo(02(2g,^2,) + </'4(2^^)l/2) < Aio(24"V2(8r,r8,) + r^03(2e)") 
< 7Aio(24'"£jTTJ + ^-"An7i) < 77im ^ 77l(^'A)"^ 
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Proof of (|XVP -^. For < Q < r one estimates 

Uq,T,) < 25'>2(8r,T8,) < 25"£iTTJ7 < 772^ < 772(^/0"^ 

Therefore the assertions (|IX)) ^- prvl) ^ are proven in the case i — 1. Suppose 
now that the assertions pXp ,- (|XVp . hold for some i E £P with i < j. Note 
U <ti^ 4H < Since U e Jo Ci J4 by (HI} and (|TX}^ and 

M'^U) < A2 < 2-™/3(n)-ia(m)(l/8) 
by (|If|) . I7.3l(|llap with g replaced by ti implies 

\\V\\{C{T,a,g,g))<{Q + l)a{m)4'^g"' iorU+i<g<U. (XVI) 

Proof of (HXl^^^, and 1x1}^^^. Let U+i< Q < U- Note £> £ Jo by 

(HI}. One estimates, using Holder's inequality, (jXVip and (|Tf|) . 

\\5V\\{C{T,a,g,g)) < \\V\\{C{T,a, g, g))'-'/P^{C{T,a,t„U)y/P 
< sup{(g + l)a(TO), l}4"'f?™-iA3 < Kg"'-\ 

hence G J2. Similarly, using (|XIIip ,. 

/c(T,a,e,e)xG(„,m)l^h - dF(z, S) 

< \\V\\iCiT,a, g, p))^/' (/c(T,a,t.,.)xGK™) 1^^ ^ ^^^P d^^- ^))'^' 

< (Q + l)^^^a{m)^^H"'g"''A5 < Kg"" 

and g E J3. Together with (jlXp . this implies 

R n {s : t,+i < s < 2r} C J2 n J3, R n {s : ij+i < s < r} C J4, 
hence (lIXp ,- , ^. One computes for < i < p, using (|TT|, IJ) and 73 < A4, 

Mt) < {A^y^^it/rr < s^^{n,Q,S^,p,a,Se)it/gr. 

Therefore, noting jlll and jlXl-^^, OdlHl) implies ^i+i- To prove g € Ji, 
one estimates 

\\{Ts\ -m\< ni(C(r, a, g, g))-"^ g'^'^UQ.Ta) + 02(f?,T)) 

< ||F||(C(T, a, t,+i))-i/2(t,)™/'(02(t^, TtJ + d^2{U, T)) 

< a{m)-'^/^2"\Ag + A5) < 1/2 

by and (|XVD),., (|Xini)„ hence 

rgnkerp = {0}, geJi. 

Proof of (jxnii+i- Let ti+i < g < ti and define gk = 4''"^ for fc e Since 
g < ti < r /A, there exists / G ,^3^ such that < < r/4. Note 

gk G Ji n J5 for fc = 1 , . . . , / 
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by and m^+l■ Also, by 

II < n"^/^/4 whenever k £ 3^,2 <k <l 

and, by (KVUi, 

M0k,Tg^) < Ag < 2-2'"-4q,(^)1/2 whenever ke ^,2<k<l. 

Now, applving l7.3l(|13p with £», s, i, A replaced by gk, gk-i, Qk-i, 1/2 and using 
(|XV[|) .-. one obtains 

whenever k e ^, 2 < k < I. Therefore by (jVIIip 

\K\\<\KA\ + Ei=2\K.-.~<^,J 

< A7 + 22™+3Q;(m)-i/2(i _ 2-"^)-iA9 < Ag. 

Proof of (pOTT)) , I ^. For U+i < g < U, g e Jq hy ^ and 

02(^^, T) < Uq, Tg) + e-™/2||y||(C(T, a, e, e))i/2|T^ - (Tg\\ 
by Holder's inequality. By pTyT]) . and pTVl)) 

02(e,T) < 2™A9 + 2™sup{(Q + l)a(m), 1}|T^ - (r,)^|. 
Also byO noting p e Ji by (|Xl}^^;^ and (pal|) , , 

- {TM < n'/'\m - (T,) J < n'/^a,\\ < n'/'A,, 

hence 

M9, T) < 2™A9 + 2™ sup{(Q + l)a(m), lln^/^Ag < A5. 

Proof of (jXIVp , j j^. Let ij+i < g < ti. It will be shown that the hypotheses 
of ^ are satisfied with p replaced by 4p; in fact g < ti < jg, 

SgeJoD Ji by 1^ and dXT])^, llcrsjl < n-^/^S/A by jXlII,, 
and for s E {g, Ag} 

s G J4 n J5 by (HXI and Q^^^^, 
04(2s) < 2-"/3(n)^ia(m)(l/8) by CH). 

Therefore, in case ar < 1, (O implies, using paV| ,;. pTVfl) ^. (|XV|,., (/)3(8£>) < 1 
by (HH), © and 72 = (24Ai)?7-i7i, 73 < A1171, 

< 7^^-l+"V-"^(4"^-Sl + A1A971 + 8A1A972 + 8A173) 

< 77ie"^+"^r-"^(A8 + A1A9 + 192(Ai)27y-iA9 + SAiAn) 

< 77i£-"i+"^r-"^ 
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Similarly, in case ar = 1, © implies, using dXTV]),,, (PTW]) ^. PCV)) ^. d!]) and 

72 = (24Ai)77^^7i, 73 < A1171, 

(e) < 4>i (4e) + Ai (01 (4g)02 (4^^, Ti,) + g-\4>2 (Sg, rs,)^ + 03 (8e))) 

< 7r"i((l + log(r/£<) - log 4)71 + A1A971 + 8A1A972 + 8A173) 

< 77ir-i ^ log(r/£-) - Ag) + Ai Ag + 192(Ai)2r;-i Ag + 8A1 An) 

< 77ir"^(l + log(r/e)). 

Proof of (jXyp^^-)^. Let i^+i < g < ti. First, it will be shown that the hy- 
potheses of I7.3l(|llbp and I7.3l(|llcp are satisfied with g, X replaced by 2g, rj/2; 
in fact 

2g e J4 n J5 by (Hg^^i and 
M'^q) < 2-™/3(n)-ia(m)inf {r;(4r|3^(g,m))-i,l/8} by (dl). 

Next, it will be shown that the hypotheses of (jTU]) are satisfied with g replaced 
by Ag; in fact, noting t < g < jg, 

{2g, 4g} C J4 H J5 by ^,+1, and (|X|,,^^, 
8e G Jo n Ji by dm and (|XT|,, HfTgell < n-1/25/4 by 
8reJ2nJ3 by jlVl, 03(8(?) < ejioj (m, Q, (52, e, by©, 
U(c,2e)^{x:0°(||/(x)||,5(a:)) -Q} 

ca,2,Up[C(T,a,2^.,2^.)n{^:Q>0™(||Fl|,z) G ^}], 

bv l7.3l(|llbp with g replaced by 2g, hence 

^™(U(c, 2g) ^{x : 0°(||/(x) |U(x)) = Q}) 

< (7?/2)a(m)(2^>)™ +£jTi}a(m)(2£))" < ^7a(m)(2^?)™ 

bv I7.3l(|llcp with g, A replaced by 2^), 77/2. Therefore, in case ar < 1, (fTO]) 
implies, using (IXVl .. (HV))^, (IXTVTl .. (P), and 71 = r7(24Ai)-i72, 73 < A1272, 

Mq,T,) < Ai((A + 77i/"+7?-V2(8f?,T8,rf{i^2/™})^^(8^^j,^^) 

+ r,-HgM^0) + (T' + A-^)03(8e)") 

< 7(eA)"" (8Ai(A + ryi/n + r;-i(A9)i/")72 

+ AAirj-^ji + 8Ai(77"^ + A"^)73) 

< lis/rrib^ + ^72 + + h2 + ^2) = 772(^>A)"^ 
Similarly, in case ar = 1, ^ implies, using pTvTI) ,. P^ ^- pOV)) .. ©, and 
71 = 77(24Ai)"i72, 73 < A1272, 

Mg.T,) < 7(^,/r)(l + log(r^))(8Ai(A + ryi/" + rr^(Ag)i/")72 

+ 4Ai?7-i7i + 8Ai(7;-i + A-^)73) 

< 772(£'A)(1 + log('^/£'))- 

Therefore the assertions pxp ,- (|XVp , are verified whenever i G i < i + 1. 
The conclusion now follows from (|XT|^.^^, (jXIVp ^- , ^ and (jXVp ^. , ^ . □ 
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7.5 Lemma. Suppose m,n,Q £ £^ , m < n, either p ~m=lorl<p<m = 2 
orl<p<m>2 and = 2, < (5 < 1, ararf 1< M < oo. 

Then there exist positive, finite numbers e and T with the following property. 

If a Cz R", < r < oo, V £ IV„i(U(a, 6r)), ip and p are related to V as in 
\3.3[ T G G(n, m), Z is a \\V\\ measurable subset of C{T,a,r,3r), 

(Q - l/2)a(m)r™ < \\V\\{C{T,a,r,3r)) < {Q + l/2)a{m)r"' , 
||T/||(C(r, a, r,4r)~C(r, a, r,r)) < (l/2)a(m)r™, 
\\V\\V{a,6r) < Ma{m)r"\ ||t/||(C(r, a, r/2, r/2)) > (Q - l/4)a(m)(r/2)™, 

||T/||(C(T,a,r,3r)~Z) <ea(m)r'", (/|^^ - T^p dV^(z, ^))'^' < er™/^, 

then 

+ r(r-"-72 dist(z - a, T) d\\V\\z + r^-^/f V'lUCa, &r)f'P). 

Proof. Define 

L = 1/8, <5i = (52 = ^3 = 1/2, 5^ = 1, ^5 = (40)-™(7(m)m)-™/a(m), 

^1 = s^n, Q, L, M, 5i,52, S3, 6^, 65), A2 = inf {l, (27(to))-\ Ai}, 
^ = 1/2 if m = 1, fi^l/m if m > 1, A3 = ^f^^ jm, n, Q, A2,p, 1), 

7J = inf {Jl/^(4A3)-l/^ 2-"-!}, A = inf {<5(4A3)-\ l}, 

= { fr4fel (™'"'Q''^2, Ai, A2,p),£ [73^ (n,(54, A2), 

2-'"-2/3 (n) - 1 a (m) r;r||^ (Q , m) - 1 A2 } , 

A4 = inf {(Afa(m))-i/22-"v^ a(m)i/22-™-4n-i/2A2, 
(Afa(TO))-i/25m/2(4^g)-™/2|^ 

e = inf{A4,2-"-ir,}, 
As = 2-"/3(n)-ia(TO) inf {r/Ijj^gjg (Q, m)" 74, 1/8}, 
Ae = inf {(Afa(m))i/p-i2i-™K, £[721,9, (m,n,Q, (52, Ai,A2,p), 
A2(A5)i/^'-i/™}, 
r = sup {A3gi/V\ A3A-\ (4(Q + l)a(m)m)i/2(A6)-i}. 

It will be shown that e and F have the asserted property. 

Suppose a, r, V, ip, p, T, and Z satisfy the hypotheses in the body of the 
lemma. 

By the definition of F and 

one may assume that 

^i-™/p^(U(a,6r))i/f < Ag. 

Additionally, one may assume that Z is, a. Borel set and that a = 0, T = imp* 
using isometries and identifying R" ~ R™ x R"^™. 
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Defining A, Xi, /, c, (^2, <p3, <^4, Tg, Ji, J2, J3, J4, J5, CTg, and Ca,B as in 
Oand X = U(c,r/2) nXi~p[^~Z], next, the hypotheses of EH® with 6, 
P, Q replaced by A2, 0, r will be verified. The ^™ measurability of X is a 
consequence of 14.81 (^1) and Fed69l . 2.2.13]. One estimates 

J\St,-mdViz,S) < (Afa(TO))i/V™A4 < «;(r/2)", 
||(5y||U(a,6r) < (Afa(m))i-i/Pr"-i Ag < K(r/2)'"-\ 

hence r/2 £ J4 n J5 and 8r G J2 fl J3. Also 

\\{Trh-A\\ < ||l/||(C(r,a,r/2,r/2))-i/22^2(6r,T)(6r)'"/2 
< 2'"+2q,(^)-i/2^^ < 1/2, 
T^nkerp {0}, r e Ji 

and, using [??T] with S", 5*1, S2 replaced by T, T, T^, 

lk.|P<(i + lk,.|p)||(r.)^-r^f, 

IkrII < 2||(T,)^ - TJ < 2"+3a(m)-i/2A4 < n-i/2A2/2. 
Noting (j>4{r) < A5, one infers froni l7.3l(|llcp with g, A replaced by r/2, 77/2 that 
■^"(Ca,./2) < (r7/2)a(m)(r/2)'". 

Combining this with 

^™(p[A^Z]) <^'"(A^Z) < ||y||(C(T,a,r,3r)^Z) < (r;/2)a(m)(r/2r, 
U(c,r/2)^XcC,,,/2Up[A^Z], 

one obtains 

J^'"(U(c,r/2)-X) < 77Q;(m)(r/2)'". 
Now, applying 17. 4I ® with 6, P, g, and r replaced by A2, 0, r, and 1 yields 
(/)2(r/4,T) < A3((A+((Ma(m))i/2A4)2/™ + (A + ry'^))02(r,T) 
+ ^-V-'™-i|/li;X + A-V3(r)) 
< (502(r,T) +r(g-i/V-'»-i|/li;;f + Mr))- 

Finally, noting 

Xn{x:'^{f{x),QlOl) >Q^^'^j} Cp[ylnZn{z:dist(z-a,r) >7}] 
for < 7 < 00, one obtains 

Q-'/'|/li;X</zdist(z-a,T)dl|F||z 
and the conclusion follows. □ 
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8 The pointwise regularity theorem 

Here, after verifying the hypotheses of the approximation by a Qq(R"""') val- 
ued function in 18.21 the pointwise regularity theorem is deduced from I7.4l(jlip 
in 18.31 An example demonstrating the sharpness of the modulus of continuity 
obtained in case ar = 1 and m > 1 is provided in 18.51 Finally, a corollary 
concerning almost everywhere decay rates is included in 18.61 



8.1 Lemma. Suppose l<ne^, 0<(5<1, 0<A<1, and < M < oo. 
Then there exists a positive, finite number e with the following property. 
Ifn>me^,ae R", < r < oo, T € G(n,m), V G IV„(U(a,r)) and 

\\V\\V{a,r) < Ma(m)r", \\6V\\Uia,r) < £|lT/||(U(a, r))i-i/", 
J\S^-mdV{z,S)<e\\V\\lJ{a,r), 
\\V\\ B(a, g) > Sa{m)g"' forO<g<r, 

then 

||y||(U(a, r)n{z: |T^(^ - a)| > A|z - a\}) > (1 - d)a{m)r"'. 
Proof. This is a special case of |Menn9hl . 2.2]. □ 

8.2 Lemma. Suppose m,n,Q £ m < n, either p ~ m ~ 1 or 1 < p < m, 
Q<a<l,l<M <oo,Q<pL<l, and 0<5.i< \ fori 2}. 

Then there exists a positive, finite number e with the following property. 
If a ^ R", < r < oo, V" e IV„i(U(a, r)), -0 is related to p and V as in lS.Sl 
T G G(n, m), 

A = inf (1 + m2)-i/2(i _ (1 _ ,5i/2)i/"(l - ,5i/4)-i/™) }, 
e™(||Fl|, a) >Q-l + d2, \\V\\ U(a,r) < (Q + 1 - S,)a{m)r^, 
J\S^~mdV{z,S)<er"', 
gi-m/p^(B(a, g)y/P < e{g/r)°' whenever < p < r, 

then with s = Ar 

\\V\\(C{T,a,s,Ms)'^C{T,a,s,bis)) < ^aaMs". 

Proof. Define A as in the hypotheses of the body of the lemma, A = (l ~ 
(A<52/4)2)^/^ 

Ai = s^n, inf {(27(m)m)-"/a(m), <5i/4}. A, 2(Q + 1)), 

let e be the infimum of the following five numbers 

s^n,Q,a,pM{6,/3,A62/2}), {{Q + l)a{m))'/P~\Ajim)my-"'Au 
(47(m)m)""Ai, {2-f{m))-\ {S2A"'cx{m)l3{n)-^y^P'^/"' {2-y{m))-^ 

and suppose that m, a, r, V, ip, T and s satisfy the hypotheses in the body of 
the lemma. 

First, note byOwith 5 replaced by inf {(5i/3, A(52/2} 

||F||(U(a,r) n {z : \T^{z - a)\ < <52s/2}) > a{m){Q - <5i/3)r™. 
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Define A to be set of all z G spt \\V\\ such that 

\\SV\\B{z,t) < (27(m))-i||y||(B(z,t))i-i/" 

whenever < t < oo and 'B{z,t) C U(a, r). Next, the following assertion will 
be proven: 

A n C(T, a, s, Ms) C C(T, a, s, <52s). 

For this purpose suppose z G An spt \\V\\ n C(T, a, s, Ms) and abbreviate t = 
dist(z,R"~U(a,r)). Si nce A < (1 + AP)-'^/^, one notes C(T,a,s,Ms) C 
U(a,r) and t > 0. From [Men09ai . 2.5] one obtains 



1 B(z, g) > (27(m)m)^"V" for < g < t. 

Therefore, noting 

t > r - (1 + MY^'^^r, {t/r)"' > (1 - (5i/2)(l - <5i/4)-i > 2/3, 
\\V\\V{z,t) < ||V^||U(a,r) < {Q + l)a{m)r"' < 2(Q + l)a(m)i™, 

\\SV\\lJiz,t) < \\6V\\lJia,r) < ((Q + l)a(TO)) ^"^^^£r"-i 

< ((Q + l)a(TO))'"'^^(47(TO)mr-ie||F||(U(z,i))i-i/'" 

< Ai||F||(U(z,t))i-i/™, 

< er" < e(47(m)m)"||y||U(z,i) < Ai\\V\\V(z,t), 

one uses 18.11 with 6, M, a, and r replaced by inf{(27(TO)m)^"Ya(m), (5i/4}, 
2{Q + 1), z, and f to infer 

||y||(U(z,t)nU:|T^(^-z)| > A|e-z|}) > (1 - <5i/4)a(™)t'" 

> (1 -(5i/2)a(TO)r'". 

Since || U(a, r) < (Q + 1 — (5i)Q:(77i)r'™, this implies together with the second 
paragraph that the intersection of 

T^^[V{z,t)n{^:\m^~z)\> X\^-z\}] and R" n {C : |r^^(e - a)| < W2} 
cannot be empty. Now, estimating for ^ e U(z,t) with |r^(^ — z)\ > — z\ 

|T^^(e - ^)i < (1 - ~z\< 2(1 - a2)i/2^ = S2S/2, 

one obtains — a)| < (52S and the inclusion follows. 

If m = 1 then A ~ spt \\V\\ and the conclusion is evident. Hence suppose 
m > 1. The assertion of the preceding paragraph implies with the help of 
Besicovitch's covering theorem and Holder's inequality the existence of count- 
able disjointed families of closed balls Fi, . . . , i^/3(„) such that 

spt \\V\\n C(r, a, s, Ms) ~ C(T, a, s, S2S) C U U{^. : i = 1, . . . , /3(n)}, 
S c U(a,r), \\V\\iS) < A2^(5)™/(™-p) 
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whenever S G U{^* : i = 1, . . . ,/3(n)} where A2 = (27(to))™p/("-p), hence 
\\V\\ (C(T, a, s, Ms) ^ C(r, a, 6,s)) < A^Efii^EseF.^C^)"/^'""''^ 

< (27(m)e)™P/(™-f)/3(n)r'" < S2a{m)s"'. □ 

8.3 Theorem. Suppose to, 71, Q G m < n, either p — m — 1 or 1 < p < m, 

Q < 5 < I, Q < a < I, Q < T < I, and T = I if ni = 1, p/2 < T < ^(Z-p) 
TO = 2 flTid T = 2(£z^ ifm>2. 

Then there exist positive, finite numbers e and T with the following property. 

If a G R", < r < 00, V G IVm(U(a, r)), p and ijj are related to V as in 
rOl T G G(n, to), w : R n {t : < t < 1} ^ R mt/i = i"^ if ar < 1 and 
U!{t) — t{l + log(l/i)) if ar — 1 whenever < t < 1, and < 7 < £, 

&*"'i\\Vla)>Q-l + 6, ||V^||U(a,r) < (Q + 1 - ^)a(m)r", 

{r-"^J\S^~m'dViz,S)f' 
\\V\\{B{a, Q)n{z: 0"(||F||, z) < Q - I}) < ea{m)g'^ forO<g<r, 
pi-™/p^(B(a, < 7i/^(g/r)" /or < e < r, 

f/ien 0"(||V^||,a) = Q, R = Tan"(||y||, a) G G{n,m) and 
(6'^"7u(a,e)xG(n,m)l'5'^ " Ri,f dV {z , S))^ < T-fu;{g/r) whenever 0<g<r. 
Proof. Define, noting (7(TO)m)~"' < cx{m) by, e.g., |Men09a . 2.4], 

Ai = inf {1/6, (17)-i/2(i _ (1 _ 5/2)i/™(i _ 5/4)-!/™)}^ 
(5i=(5/2, (52=<5/4, ,53 = 1-^4, -54 = 1, 
55 = (40)-™(7(TO)m)"™/a(TO), = <5, i = <54/8, M = (Ai)-™(g + 1), 
6' = inf {1, £gj(n, Q, L, Af, ,52, ^3, ^54, -^s), (27(to))-1}, 
V = inf{l, (Q + 1 - V2)'/™(Q + 1 - 3^4)"'/" - 1} 
and applv FT^pTj) with S replaced by 6' to obtain 7^ for i G {2, 3}. Define 

A2 = inf {(Q + 1 - 3^4)'/^ - (Q + 1 - S)^^P, 
{Q-l + 5)'/P ~iQ-l + 5/2)'/P}, 
A3 = inf {(Ai)"/2£[72][|Yj(TO,n,(5,L, Af,,5i, (52,(53, P,'r,a,(56), 73}, 
e = inf{(apa(TO)i/PA2)^, 

(Q + ir'/^a{m)-'/^s^m, n, Q,p, a, 4, 1/6, (5, inf{ry, (5/4}), 
£[82](to, n, a, 4, 1/6, (5, inf{77, (5/4})^, A3, 1} 

and also 

A4 = sup{72(AiA3)-\(Ai)-"/2-i}, A5 = (l-2-"-)-i if ar < 1, 
A5 = 2 + 21og2 if(3;r=l, Aq ^ 2"^+^d-^a{m)-^^^A4A5, 

r = A4 + (q + i)1/2^(to)1/2a6. 
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Suppose a, r, V, ip, T, and uj satisfy the hypotheses of the body of the 
theorem. 

Let s — Air. Applying 17.11 twice with M replaced by e"^ in conjunction with 
Holder's inequality, one deduces the mass hounds: 

(0 - 1 + 6/2)a{m)Q"' < \\V\\ U(a, g) < [Q + I - 3(5/4)a(m)e" 

for Q < g < r. From [8?2l applied with M, /i, (5i, 62 replaced by 4, 1/6, (5, 
inf{r;, V4} one obtains, noting / \S\i - T^\dV{z, S) < {Q + l)'^/^a{m)^^^er"' by 
Holder's inequality, 

\\V\\{C{T,a,s,As)r^C{T,a,s,f]s)) < {5/4)a{m)s"' . 

Together this implies, noting (1 + 77)5 < r, 

||y|| U(a, (1 + r])s) < (0 + 1 - 3V4)a(m)(l + r7)"s™ 
< (0 + 1 - (5/2)Q;(m)s", 
C(r, a, s, 3s) C (C(T, a, s, 4s) - C(r, a, s, 77s)) U U(a, (1 + t])s) 
||l/||(C(T,a,s,3s)) < (g + 1 - <5/4)a(m)s"\ 
\\V\\{C{T,a,s,3s)) > ||y||U(a,s) > (Q - 1 + 5/2)a{m)s"' , 

hence, using isometrics and identifying R" ~ R™ x R"^™, one may assume 
that a — 0, and the hypotheses of l7.3l and 17.41 are satisfied with r, S replaced by 
s, S'. 

Defining cp : {Rn {g:0 < g < r}) x G{n, m) ^ R by 

for < g < r, R E G{n, m) and choosing Tg E G(n, m) such that 

<j>{g, Tg) < <j){g, R) whenever < g < r and R e G{n, m) 

and noting £ < A3 and Ai < 1/4, one obtains from I7.4](|lip with r, 5 and 7, 
replaced by s, 5' and 7/A3 that 

r,) < (7/A3)72w(g/s) for < e < s. 

One infers the tilt estimate 

(j){g, Tg) < Ai'yuj{g/r) for < g < r. 

Next, it will be shown that a similar estimate holds with Tg replaced by a 
suitable R £ G{n,m). Using the lower mass bound, one notes for < g/2 < 
t<g<r 

liTg)^ - m)il < 2™+i5-ia(m)-i/2f,-™/2(^,W2^(^^r^) +iW2^(i^r^)) 
< r'+'^5-^a{m)-^^^(t){g,Tg). 
This implies inductively for < t < g < r 

im)^ - (T,)^| < 2"+2ria(m)-V2^^^o0(2->,r2-.J, 
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hence, noting that the tilt estimate yields 

Er=o<^(2">, ^2-.,) < A47Er=o(2~'^eA)"" = A4A57c^(e/r) if ar < L 
Er=o<^(2">.T^2-^e) < A47Er=o(2">A)(l + log(^/£') + '^log2) 

< A47(e/r)(l +log(r/f?))(2 + log2Er=o2"''^) = A4A57c^(^>/r) 
if ar = 1, there exists Re G(n, m) with 

— (Tg)(,| < AQju;{g/r) whenever < g <r. 
Combining this with the tilt estimate, one obtains, using the upper mass bound, 
R) < <Pig, Tg) + {Q + if^Oiimf^l^Q-iujiQ/r) < Tjuj{g/r) for < g<r. 



Since < 0'"(||V^||, a) <oo_by O one now infers from Allard jA1172l . 6.4] 
in conjunction with, e.g., MenOQbl . 2.1] that 

Q'^'jfiiz - a) /g, S) dV{z, S) QjJ{z, R) dJf^z as g ^ 0+ 

for / e ^(R" X G(n,TO)), hence ©"(||t/||,a) = Q and i? = Tan"'(||F||, a). □ 

8.4 Remark. If ar < 1 and m > 2, then r cannot be replaced by any larger 
number. 

An example is provided as follows. Defining 77 ~ ;;^r^j choosing for each 
i E ^ a,n m dimensional sphere Mi of radius gi — 2~*~''*~^ with Mi C 
U(a, 2~*) B(a, 2~*~^), one readily verifies that one may take V G IV„i(R") 
such that \\V\\ = QJf" l T + " l M where M = Mi and r sufficiently 
small. 

8.5 Remark. In case ar = 1, m > 1, it can happen that 

To construct an example, assume n — m ^ 1, with C = R'^ take u : C — > R 
of class 1 such that 

-u(re'^) = r2(logr)cos(26') for < r < 00, 6* e R, 

and verify, using the homogeneity of u, 

Lapu(re'^) = 4cos(26') for < r < 00, 6* G R, 
\D'u{x)\ < r|x|2-»(l + log(l/|a;|)) for x G U(0, 1) -{0}, ^ G {1, 2} 

where r is a positive, finite number, hence computing with C as in 16.11 noting 



Fed69l . 5.1.9], 

(D^uix), C{Du{x))) = Lapu(x) + {D^u{x), C{Du{x)) ~ C(0)) 

for X G R^ ^{0}, one obtains, since Du{0) — 0, 

{D^u,CoDu) G Loo(if^LU(0,l)), 
m|U(0,1) G W2'«(U(0, 1)) forl<g<oo. 

Choosing g G 0*(to, 2) and defining f — uo g, one may now take V associated 
to / as in 12.61 with Q = 1. 
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8.6 Corollary. Suppose m, n, p, U, and V are as in either m G {1,2} 
and < r < 1 or sup{2,p} < m and r = 2{m-p) < ^' ^ ^ IV„i(C/). 
T/ien i/iere holds for V almost all (a, T) € U x G{n, m) that 



Proo/. From [Fed69l . 2.9.13,5] one infers that for ||y|| almost all a G [/ there 
exists Q G ^ and T G G(n, m) such that for / G ^ (R" x G(n, to)) 

lirn^ r~"7/(r-i(z - a), S") dV^(z, S) = Qj^fiz, T) d^™z, 

®^{\\V\\ l{z : 0"(||F||, z) < Q - 1}, a) - 0, 0*™(^, a) < oo, 

hence for such a one may apply [5751 with r sufficiently small and a = 1 to infer 
the conclusion. □ 

8.7 Remark. The examples in |Men09a . 1.2] with qi = q2 = 2 and ai = 
slightly larger than _!22£_ show that r cannot be replaced by any larger number 

m p . , 

provided to > 2. However, it will be shown in [MenOQq ] that "< cx)" can be 
replaced by "= 0" . 
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